
J
H
E
P
0
7
(
2
0
0
8
)
0
6
6

Published by Institute of Physics Publishing for SISSA

Received: May 21, 2008

Accepted: June 26, 2008

Published: July 15, 2008

Brown-Henneaux’s canonical approach to

topologically massive gravity

Kyosuke Hotta, Yoshifumi Hyakutake, Takahiro Kubota and Hiroaki Tanida

Department of Physics, Graduate School of Science, Osaka University,

Toyonaka, Osaka 560-0043, Japan

E-mail: hotta@het.phys.sci.osaka-u.ac.jp, hyaku@het.phys.sci.osaka-u.ac.jp,

kubota@het.phys.sci.osaka-u.ac.jp, hiroaki@het.phys.sci.osaka-u.ac.jp

Abstract: We analyze the symmetry realized asymptotically on the two dimensional

boundary of AdS3 geometry in topologically massive gravity, which consists of the gravita-

tional Chern-Simons term as well as the usual Einstein-Hilbert and negative cosmological

constant terms. Our analysis is based on the conventional canonical method and proceeds

along the line completely parallel to the original Brown and Henneaux’s. In spite of the

presence of the gravitational Chern-Simons term, it is confirmed by the canonical method

that the boundary theory actually has the conformal symmetry satisfying the left and right
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1. Introduction

The three dimensional spacetime has been one of the interesting testing grounds to un-

cover quantum natures of gravity. Especially, the three dimensional gravity with negative

cosmological constant has been paid much attention, since this system admits a globally

AdS3 geometry as a vacuum [1], and the black hole solution of Bañados, Teitelboim and

Zanelli (BTZ) [2] as excited states. Moreover, this system can equivalently be analyzed by

mapping to gauge Chern-Simons action [3].

One of the interesting properties of the AdS3 geometry is that there exists an asymp-

totic symmetry at the boundary, described by two dimensional conformal field theory

(CFT). By using a canonical formalism of the Einstein-Hilbert gravity, Brown and Hen-

neaux [4] successfully constructed left- and right-moving Virasoro algebras at the boundary,

which share a common nontrivial value for their central charges.

The existence of the two dimensional CFT is inferred if we embed this system in M-

theory [5]. The low energy limit of the M-theory is well described by eleven dimensional
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supergravity, and after compactification on Calabi-Yau (CY) 3-fold, it becomes five dimen-

sional supergravity [6]. An M5-brane which wraps on four cycles in CY3 corresponds to

a string-like black object in five dimensional supergravity, and after taking near horizon

limit, the geometry becomes AdS3 × S2. The AdS3 geometry appears after the dimensional

reduction of S2 part. On the other hand, the field theory on the M5-brane is well described

by two dimensional CFT after reducing four dimensional part which wraps on four cycles

in CY3. In this way we can understand AdS3/CFT2 correspondence via the M5-brane

wrapping on the CY3 [7 – 9].

The three dimensional theory relevant to the M-theory includes both the gravitational

Chern-Simons term and other matter fields containing higher derivative terms. Let us recall

in this connection that Saida and Soda [10] have previously studied the higher derivatives

without the Chern-Simons term. By applying frame transformation method [11], they

mapped the higher derivative action to the canonical Einstein-Hilbert one. In the case of

BTZ black hole, this frame transformation just scales the original metric, and it becomes

possible to calculate the modification of the Virasoro central charges by the simple scaling

argument. Both left and right central charges scale in the same way and agree with each

other, even if the higher derivative terms are included.

In this paper, we generalize the work of ref. [10] by including the gravitational Chern-

Simons term. This cannot be dealt with by the simple scaling argument, and we need to

consider the canonical formalism in a conventional way. It has been argued by Gupta and

Sen in ref. [12] that the method of field redefinition and consistent truncation transforms the

three dimensional gravity theory into the one consisting of only three terms: the Einstein-

Hilbert, the cosmological constant and the gravitational Chern-Simons terms. Such a three

dimensional theory with negative cosmological constant is often referred to as topologically

massive gravity (TMG) [13, 14]. The action is given by

STMG =
1

16πGN

∫

d3x (LEH + LCS) , (1.1)

LEH =
√
−G
(

R+
2

ℓ2

)

, (1.2)

LCS =
β

2

√
−GǫIJK

(

ΓP
IQ∂JΓQ

KP +
2

3
ΓP

IQΓQ
JRΓR

KP

)

. (1.3)

The cosmological constant −2/ℓ2 in LEH is negative and β is a coupling constant with the

dimension of the length. The determinant of the three dimensional metric GIJ is denoted

by G, the three dimensional Christoffel symbol is by ΓP
IQ and the capital letters P , I, Q

etc. label the three dimensional space-time indices, t, r and φ. Note also that ǫMNO is a

covariantly constant tensor and
√
−GǫMNO is just a constant.

Notice that (1.3) contains third derivative with respect to the time. The canonical

formalism of such a system can be accomplished by using the Ostrogradsky method, where

a new variable is introduced to reduce the number of the time derivative [15]. For the

gravitational Chern-Simons term, it is convenient to employ the generalized version of

it [16, 17]. Then it is possible to define the Hamiltonian, and from its variation we can

extract the global charges, such as a mass, an angular momentum and central charges in
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TMG. The asymptotic symmetry in TMG is again described by the left and right moving

Virasoro algebras, whose central charges are, however, not the same as we will show later.

The central charges has been derived in previous literatures in several ways [7, 8, 18, 19, 12].

The entropy of the black hole may be evaluated by using the Cardy’s formula together

with the modified values of the central charges. There is an important remark that the

black hole entropy computed on the basis of the Cardy’s formula should not be compared

with the Wald’s formula [20] in its original form which is applicable only for manifestly

diffeomorphism invariant theories. The formula should be compared with the one given

recently in refs. [19, 21], where a modification has been made so that one can include

such a term as the Chern-Simons’. The agreement of both entropies are confirmed in our

canonical formalism.

The structure of our work is as follows. In section 2 we present the modified version of

the Wald’s black hole entropy formula, paying a particular attention to higher derivative

corrections including those of the Chern-Simons term. The framework of deriving the

asymptotic symmetry is discussed in section 3. The calculation of the Virasoro central

charges in TMG is given in section 4, in the Ostrogradsky method which is adapted to the

cases of higher derivative terms. The mass and the angular momentum of the BTZ black

hole is also discussed, including the effects due to the Chern-Simons term. In section 5, we

discuss all of the higher derivative corrections and compare our black hole entropy formulas

with the modified version of Wald’s given in section 2. Our calculation is shown to be

useful in the application of M5 system. Appendix A is devoted to a detailed discussion

on the difference between gravitational and Lorentz Chern-Simons terms. Some of the

calculational details are relegated to appendix B.

2. Most general entropy formula for BTZ black holes

Before starting to discuss the canonical method and the CFT approach to the BTZ black

hole, we here concentrate on the macroscopic treatment of black hole entropy à la Wald

(See refs. [22]). We pay a particular attention to, and try to include the effects of higher

derivative terms together with the Chern-Simons’ in as general a way as possible. For such

a purpose we begin with the following Lagrangian

S =
1

16πGN

∫

d3x
√
−G

[

f(RIJ , GIJ ) +
2

ℓ20

]

+
1

16πGN

∫

d3xLCS. (2.1)

Here f is a generally covariant part and is supposed to contain all possible higher deriva-

tives. In three dimensional spacetime, the Riemann and the Ricci tensors have both six

components and are related by the formula RIJ
KL = 4G( I

( KR
J )

L ) − RG( I
( KG

J )
L ).

Therefore, f is assumed to be a functional of the Ricci tensor and the metric only. Note

that the negative cosmological constant in (2.1) is denoted by −2/ℓ20.

The action (2.1) is diffeomorphism invariant up to the total derivatives. Due to the

gravitational Chern-Simons term and other higher derivative terms, the Einstein equation

is modified as
1

2
GIJ

(

f +
2

ℓ20

)

+
∂f

∂GIJ
+ T IJ = βǫKL(IDKR

J)
L . (2.2)
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Here we denote

T IJ =
1

2

(

DKDIPKJ + DKDJP IK − �P IJ −GIJDKDLP
KL
)

, P IJ =
∂f

∂RIJ
. (2.3)

DI is the usual covariant derivative.

Various solutions to (2.2) would be possible, but it is known that the AdS3 geometry

satisfying
1

2
GIJ

(

R+
2

ℓ2

)

−RIJ = 0 (2.4)

with some constant ℓ is certainly a solution to (2.2). This can be seen by the following

argument. If (2.4) is satisfied, then the scalar curvature is just a constant (R = −6/ℓ2)

and the metric and the Ricci tensors are proportional (RIJ = −2GIJ/ℓ
2). We can see

that (2.3) and the right-hand-side of (2.2) vanish. Eq. (2.2) turns out to be a relation that

fixes ℓ as a function of ℓ0. This may be regarded as an “effective” cosmological constant

due to the higher derivative terms.1

The vacuum solution to (2.4) is the global AdS geometry with the radius ℓ

ds2 = −
(

1 +
r2

ℓ2

)

dt2 +

(

1 +
r2

ℓ2

)−1

dr2 + r2dφ2. (2.5)

As an excited state the BTZ black hole solution [2]

ds2 = −N2dt2 +N−2dr2 + r2(dφ +Nφdt)2,

N2 =
(r

ℓ

)2
+

(

4GN j

r

)2

− 8GNm, Nφ =
4GN j

r2
, (2.6)

is also allowed, which preserves the local AdS3 symmetry and is constructed by global

identification of independent points on (2.5). In the Einstein-Hilbert gravity with negative

cosmological constant, parameters m and j correspond to the mass and angular momen-

tum of the BTZ black hole. In general, however, the definition of the mass and angular

momentum must be changed by taking into account of other higher derivative terms. As

we will see explicitly in section 4 in the canonical formalism, the effective mass M and

the effective angular momentum J of the BTZ black hole (2.6) are represented by linear

combinations of m and j when the Chern-Simons term is present.

It is well known that the Bekenstein-Hawking’s area law for the black hole entropy

is modified by Wald’s entropy formula for general covariant theories which include higher

derivative terms [20]. In those theories, however, which are not manifestly invariant under

the diffeomorphism, that formula cannot be applied directly and must be modified. The

extended Noether method including the contribution of the non-covariant terms was dis-

cussed in [21]. In general, the non-covariant terms such as the gravitational Chern-Simons

term, which is one of the higher derivative terms, modify the Noether charge in a slightly

different fashion from Wald’s formula. As a result, the black hole entropy receives the

higher derivative correction further. In practice we have to determine the corrections to

1Throughout this paper, the effective cosmological constant −2/ℓ2 always appears in the solutions.
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the Wald’s entropy formula on a case-by-case basis. For the gravitational Chern-Simons

term in three dimensions the additional correction ∆S to the entropy is found to be

∆S =
β

4GN

∫

H

εJIΓ
I
JKdx

K . (2.7)

Here εIJ is a binormal vector on the horizon H. The equivalent results for the three

dimensional gravitational Chern-Simons term were obtained by several others [19, 18].

With the help of this, the full entropy of the BTZ black hole are, therefore, calculated

as follows:

S = − 1

8GN

∮

r+

dφ
√

Gφφ
∂f

∂RIK
GJLεIJεKL +

β

4GN

∮

r+

dφ εJIΓIJφ

=
1

4GN
Ω

∮

r+

dφ
√

Gφφ +
β

4GN

∮

r+

dφ
r+r−
ℓr

=
πΩ

2GN
r+ +

πβ

2GN ℓ
r−, (2.8)

where the conformal factor Ω is defined by

Ω =
1

3
GIJ

∂f

∂RIJ
. (2.9)

This Ω is just a constant for the BTZ black hole solution (2.6), and Ω = 1 for the Einstein-

Hilbert action. By substituting explicit values of r± =
√

2GN ℓ(ℓm+ j)±
√

2GN ℓ(ℓm− j)

into (2.8), we finally obtain the entropy formula

S =
π

2GN

{

(

Ω +
β

ℓ

)

√

2GN ℓ2
(

m+
j

ℓ

)

+

(

Ω − β

ℓ

)

√

2GN ℓ2
(

m− j

ℓ

)

}

. (2.10)

This is the macroscopic entropy including all higher derivative corrections in three dimen-

sions. In the present paper we consider only the parameter region of Ωℓ > β > 0 just

for simplicity. The situation where Ω < 0 or β > Ωℓ has been discussed in [22]. In the

following sections, by generalizing the original Brown-Henneaux’s canonical approach, we

shall show that the expression (2.10) is in perfect agreement with the Cardy’s formula for

the CFT on the two dimensional boundary.

3. Hamiltonian formalism and Virasoro algebras

As long as the BTZ black holes are concerned, our analyses of the asymptotic symmetry

associated with (1.1) will go along a line quite parallel to those in ref. [4] where only

the Einstein-Hilbert action is considered. It is therefore convenient to summarize key

ingredients of Brown and Henneaux’s work which are not altered when we take the Chern-

Simons term into our consideration.

First of all let us specify the boundary conditions so that field configurations behave

as “asymptotically AdS3”. We require that the metric should behave at the spatial infinity

– 5 –
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r → ∞ as

Gtt = −r
2

ℓ2
+ O(1) , Gtr = O(r−3) , Gtφ = O(1),

Grr =
ℓ2

r2
+ O(r−4) , Grφ = O(r−3) , Gφφ = r2 + O(1), (3.1)

which is in accordance with the behavior in (2.5) and (2.6). The vector fields (ξ̄0, ξ̄r, ξ̄φ)

that transform the metric while preserving the boundary conditions (3.1) are not strongly

restricted but are allowed to be a general class of functions. In fact, by using the coordinates

of x± = t
ℓ
± φ, the n-th Fourier component of the vector fields is given by

ξ̄t =
ℓ

2
einx±

(

1 − ℓ2n2

2r2

)

, ξ̄r = −inr
2
einx±

, ξ̄φ = ±1

2
einx±

(

1 +
ℓ2n2

2r2

)

. (3.2)

In this paper we call the above vector fields “Killing vectors”. For later use, we assign

explicit notations for these Killing vectors:

ξ±n ≡ ξ̄I∂I = einx±

(

∂± − ℓ2n2

2r2
∂∓ − inr

2
∂r

)

, (3.3)

where ∂± = 1
2 (ℓ∂t ±∂φ). The algebraic structure of the symmetry is encoded in the Killing

vector and in fact we can directly compute the commutation relations of these differential

operators

[

ξ±m, ξ
±
n

]

= −i (m− n) ξ±m+n,
[

ξ+m, ξ
−
n

]

= O(r−4). (3.4)

This result clearly shows that the asymptotically AdS3 spacetime is endowed with the two

dimensional conformal symmetry.

In order to evaluate the central extension of the Virasoro algebras, we have to know the

asymptotic behaviors of the canonical variables and we introduce the (2 + 1)-dimensional

decomposition of the three dimensional metric GIJ as

GIJ =

(

−N2 +NkN
k Nj

Ni gij

)

. (3.5)

Here gij, (i, j = r, φ) is the two dimensional metric. The lapse and shift functions are

denoted by N and Ni, respectively. The Einstein-Hilbert action is rewritten as usual by

LEH =
√
gN

(

r +
2

ℓ2
+KijKij −K2

)

, (3.6)

where r is the scalar curvature made out of gij , and

Kij =
1

2N
(ġij −DiNj −DjNi) , (3.7)

K = gijKij . (3.8)

The dot over gij means the t-derivative and Di is the covariant derivative with respect to

gij . The momentum variable πij conjugate to gij is given by πij =
√
g(Kij − gijK) for the

– 6 –
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case of Einstein-Hilbert action, and the Hamiltonian H is the Legendre transform of LEH,

i.e., H = πij ġij − LEH.

The Hamiltonian consists of the usual combination of the constraints together with

appropriate surface term Q[ξ],

H[ξ] =

∫

d2x
(

ξ0H + ξiHi

)

+Q[ξ]. (3.9)

The added term Q[ξ] must be determined so that it cancels the surface terms produced

by the first term in (3.9) under field variation and is a generator of the possible surface

deformation [23]. The vector fields (ξ0, ξr, ξφ) denote such allowed surface deformation and

are related to the spacetime vector (ξ̄0, ξ̄r, ξ̄φ) via

(ξ0, ξr, ξφ) = (Nξ̄t, ξ̄r +N r ξ̄t, ξ̄φ +Nφξ̄t). (3.10)

The asymptotic behaviors (3.1) are now translated into those of the canonical variables as

grr =
ℓ2

r2
+ O(r−4) , grφ = O(r−3) , gφφ = r2 + O(1), (3.11)

N =
r

ℓ
+ O(r−1) , N r = O(r−1) , Nφ = O(r−2). (3.12)

The behaviors of the canonical conjugate variables are also derived with the help

of (3.7), (3.11) and (3.12):

πrr = O(r−1) , πrφ = O(r−2) , πφφ = O(r−5). (3.13)

It has been known that conditions (3.11), (3.12) and (3.13) are preserved under the Hamil-

tonian evolution provided that we impose the Hamiltonian constraints. The generator

Q[ξ] in (3.9) is found by taking into account the asymptotic behaviors of the canonical

variables up to a constant term, which is adjusted so that the charge Q[ξ] vanishes for the

globally AdS space.

The algebraic structure of symmetric transformation group is given by the Poisson

bracket algebra of Hamiltonian generator H[ξ]:

{H[ξ],H[η]}P = H
[

[ξ, η]
]

+K[ξ, η], (3.14)

where K[ξ, η] is the possible central extension. The central charge may be evaluated by

noting that the Dirac bracket {Q[ξ], Q[η]}D is the change of Q[ξ] under the surface de-

formation due to Q[η], i.e., δηQ[ξ] = {Q[ξ], Q[η]}D. The charge Q[ξ] forms a conformal

group with a central extension {Q[ξ], Q[η]}D = Q
[

[ξ, η]
]

+K[ξ, η], and we immediately get

δηQ[ξ] = Q
[

[ξ, η]
]

+K[ξ, η]. Since Q
[

[ξ, η]
]

= 0 if we set the initial condition so that the

charge vanishes for a globally AdS space, the evaluation of the central charge reduces to

K
[

ξ, η
]

= δηQ[ξ]. (3.15)

In the case of Einstein-Hilbert action, the explicit form is given by

δηQ[ξ]=

∫

dφ
[√
gSijkr

{

ξ0Dkδηgij−Dkξ
0δηgij

}

+2ξiπjrδηgij +2ξiδηπ
ir−ξrπijδηgij

]

, (3.16)

– 7 –
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where Sijkl is defined by

Sijkl =
1

2

(

gikgjl + gilgjk − 2gijgkl
)

. (3.17)

(Derivation of the above equations will be explained in the case of TMG in section 4.)

Putting the Killing vectors (3.3) for ξ, we define the Virasoro generators by L̂±
n =

Q[ξ±n ]. Replacing the Dirac brackets by a commutator ({, }D → −i[, ]), the commutation

relations become

[L̂+
m, L̂

+
n ] = (m− n)L̂+

m+n +
cL
12
m(m2 − 1)δm+n,0,

[L̂−
m, L̂

−
n ] = (m− n)L̂−

m+n +
cR
12
m(m2 − 1)δm+n,0,

[L+
m, L

−
n ] = 0, (3.18)

and the central charges have been calculated in [4] as

cL = cR =
3ℓ

2GN
. (3.19)

Once we get the central charges, it is straightforward to obtain the BTZ black hole entropy

by using the Cardy’s formula

S = 2π

√

1

6
cLL

+
0 + 2π

√

1

6
cRL

−
0

=
π

2GN

√

2GN ℓ2
(

m+
j

ℓ

)

+
π

2GN

√

2GN ℓ2
(

m− j

ℓ

)

. (3.20)

Here L±
0 are the eigenvalues of L̂±

0 and are related to the mass m and angular momentum

j of the black hole by the formulae L+
0 + L−

0 = mℓ and L+
0 − L−

0 = j.

In section 2 we have seen that even in the presence of higher derivative interac-

tions, (2.5) and (2.6) are still solutions to the equations of motion with the effective cosmo-

logical constant −2/ℓ2. There occurs a phenomenon of rescaling of the charges due to the

higher derivative terms, and in fact the first term in the entropy formula (2.8) is rescaled

by the factor Ω defined by (2.9). The question that we would like to address ourselves here

is what this rescaling phenomenon looks like in the CFT framework [10].

Let us start with the diffeomorphism invariant Lagrangian without the gravitational

Chern-Simons term,

L =
√
−G

[

f(RIJ , GIJ ) +
2

ℓ20

]

. (3.21)

Higher derivative terms are again included in f . The important point is that the Lagrangian

constructed out of the metric and the Ricci tensor is equivalent to the Einstein-Hilbert

Lagrangian with matter fields after the frame transformation [11]. The metric G̃IJ in the

Einstein frame is defined to be

G̃IJ =
∣

∣

∣
det
( ∂L
∂RKL

)∣

∣

∣

−1 ∂L
∂RIJ

, (3.22)
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and when BTZ solution (2.6) is substituted into the above expression, we obtain

G̃IJ = Ω2GIJ . (3.23)

The conformal factor Ω is already defined in (2.9) and becomes a constant here. This means

that canonical variables are scaled like g̃ij = Ω2gij , Ñ = ΩN , Ñ i = N i and π̃ij = Ω−1πij .

From these scaling rules, we find that the mass M , the angular momentum J and the

central charges cL and cR, which are evaluated by using (3.16), are multiplied by Ω as

M = Ωm, J = Ωj, cL = cR = Ω
3ℓ

2GN
. (3.24)

Then the eigenvalues of the Virasoro generators are also linearly scaled as L±
0 = 1

2(Mℓ ±
J) = 1

2Ω(mℓ ± j), and these considerations lead us to conclude that effects of higher

derivative terms to the BTZ black hole are all summarized by the rescaling i.e.,

S =
π

2GN
Ω

√

2GN ℓ2
(

m+
j

ℓ

)

+
π

2GN
Ω

√

2GN ℓ2
(

m− j

ℓ

)

. (3.25)

Of course this agrees with (2.10) with β = 0 [10]. We will come to this scaling rule

again in section 5 after establishing the canonical formalism and CFT description of the

Chern-Simons term.

4. Generalization to topologically massive gravity

4.1 Canonical formalism of charges in TMG

In this section we investigate the canonical formalism of TMG with negative cosmological

constant, and derive the expression of global charges in this system. From these global

charges, we will confirm that the mass and the angular momentum of the BTZ black hole

and the central charges of the boundary CFT are all modified in TMG.

Let us apply the ADM decomposition to the Lagrangian of the topologically massive

gravity. The action of TMG is given by (1.1), and the Einstein-Hilbert term with negative

cosmological constant is decomposed as in (3.6). After straightforward but tedious calcula-

tion, the gravitational Chern-Simons term can be decomposed up to total derivative terms

into [24, 17]

√
−GǫIJK

(

ΓP
IQ∂JΓQ

KP +
2

3
ΓP

IQΓQ
JRΓR

KP

)

∼= √
gǫmn

{

2K̇mkKn
k + γ̇x

myγ
y
nx − 2∂kNDnKm

k + 2Dn∂kNKm
k

+NKy
x∂mγ

y
nx − ∂mNKy

xγy
nx −NDmKy

xγy
nx

− 2N iKi
lDnKml + 2DnN

iKi
lKml + 2N iDnKi

lKml

+ 2DkN
iKniKm

k + DjN
i∂mγ

j
ni −DmDjN

iγj
ni

}

∼= 2
√
gǫmnK̇mkKn

k +
√
gN
{

4ǫmnDkDnKm
k − 2AklKkl

}

+
√
gN i

{

− 4ǫmnKi
lDnKml − 2ǫmnDk(KniKm

k) + ǫij∂
jr + 2DkAi

k
}

. (4.1)
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Here ǫmn is a covariantly constant antisymmetric tensor in two dimensions, and Di is the

covariant derivative. In the above, we used that the Riemann tensor in two dimensions is

expressed by the scalar curvature as ri
jmn = 1

2(δi
mgjn − δi

ngjm)r. Aij is a symmetric tensor

which is defined by the following equation.

∫

d3x
√
gǫmpγ̇l

mnγ
n

pl = −
∫

d3x
√
gAij ġij . (4.2)

The dot is used to represent time derivative ∂t. By defining

T ijk
mno ≡ 1

2
(δk

mδ
(i
o δ

j)
n + δk

nδ
(i
o δ

j)
m − δk

o δ
(i
mδ

j)
n ), (4.3)

the time derivative of the affine connection is expressed as γ̇l
mn = gloT ijk

mnoDkġij . After the

partial integration in (4.2), Aij is explicitly written as

Aij = ǫmpgloT ijk
mnoDkγ

n
pl

=
1

4
ǫklDkγ

i
l
j +

1

4
ǫilDkγ

k
l
j − 1

4
ǫilDkγ

j
l
k +

(

i↔ j
)

. (4.4)

Since Aij depends on the affine connection in an explicit way, it does not behave as a

tensor. The derivation of (4.1) is explained in appendix A by focusing on the difference

from Lorentz Chern-Simons term.2

The explicit form of the extrinsic curvature is given by (3.7). Then (4.1) contains third

derivatives with respect to time. It is known that the canonical formalism of such system

is done by using Ostrogradsky method [15] in which Lagrange multiplier is introduced. For

instance, if there is a Lagrangian L(g, ġ, g̈), then we define L∗(g, ġ, h, ḣ, v) = L(g, h, ḣ) +

v(ġ − h) and construct the Hamiltonian in the usual way. In the case of TMG , it is

useful to apply modified version of Ostrogradsky method as discussed in ref. [16, 17]. In

the modified Ostrogradsky method, the extrinsic curvature is dealt with an independent

variable. At the same time, Lagrange multiplier should be introduced to give a proper

constraint. Following this prescription, the Lagrangian of the TMG is given by

LTMG = LEH + LCS

=
√
gN

(

r +
2

ℓ2
+KijKij −K2

)

+ vij(ġij − 2NKij − 2DiNj)

+ β
√
gǫmnK̇mkKn

k + β
√
gN

(

2ǫmnDkDnKm
k −AklKkl

)

+ β
√
gN i

{

− 2ǫmnKi
lDnKml − ǫmnDk(KniKm

k) +
1

2
ǫij∂

jr + DkAi
k

}

. (4.5)

Canonical variables in this Lagrangian are gij , ġij , Kij and K̇ij , and N , N i and vij

are Lagrange multipliers. Note that vij, which is not a tensor, is symmetric under the

exchange of indices.

2The notations employed here are slightly different from those in ref. [24, 17].
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By using this Lagrangian, we can construct the Hamiltonian in the canonical procedure.

As usual, momenta conjugate to ġij and K̇ij are defined as

πij ≡ δLTMG

δġij
= vij ,

Πij ≡ δLTMG

δK̇ij

= β
√
gǫikKk

j. (4.6)

Note that not πij and Πij but g−
1

2πij and g−
1

2 Πij do behave like tensors. From the second

equation, we see that Πij and Kij are not independent and the system is constrained.

Again, such a kind of the constraint should be taken into account by introducing Lagrange

multiplier in the Hamiltonian formalism. Up to total derivative terms, the Hamiltonian of

TMG is expressed as

HTMG

= πij ġij + ΠijK̇ij − LTMG + fij

(

Πij − β
√
gǫikKk

j
)

∼= √
gN

{

− r − 2

ℓ2
−KklKkl +K2 − 2βǫmnDkDnKm

k +
(

2g−
1

2πkl + βAkl
)

Kkl

}

+
√
gN i

{

2βǫmnKi
lDnKml + βǫmnDk(KniKm

k) − 1

2
βǫij∂

jr −Dj

(

2g−
1

2πi
j + βAi

j
)

}

+ fij

(

Πij − β
√
gǫikKk

j
)

, (4.7)

where fij is the Lagrange multiplier. The validity of this Hamiltonian will be confirmed by

explicitly deriving the equations of motion in TMG. In fact we will show below that a part

of the equations of motion matches with the one obtained from the Lagrangian formalism

in three dimensions.

Let us consider the variation of the Hamiltonian by fluctuating gij , π
ij, Kij , Πij , N ,

N i and fij. The variation of the Hamiltonian contains total derivative terms. Though

those terms are very important to define charges, we neglect them for a while to make the

argument as simple as possible. Then up to total derivative terms, the variation of the

Hamiltonian under the fluctuations of N , N i and fij is calculated as

δ(N,N i,fij)HTMG

= δN
√
g

{

− r − 2

ℓ2
−KklKkl +K2 − 2βǫmnDkDnKm

k +
(

2g−
1

2πkl + βAkl
)

Kkl

}

+ δN i√g
{

2βǫmnKi
lDnKml + βǫmnDk(KniKm

k) − 1

2
βǫij∂

jr −Dj

(

2g−
1

2πi
j + βAi

j
)

}

+ δfij

{

Πij − β
√
gǫikKk

j

}

. (4.8)

From this we see that the canonical variables are constrained like

−r − 2

ℓ2
−KklKkl +K2 − 2βǫmnDkDnKm

k + (2g−
1

2πkl + βAkl)Kkl = 0, (4.9)

2βǫmnKi
lDnKml + βǫmnDk(KniKm

k) − 1

2
βǫij∂

jr −Dj

(

2g−
1

2πi
j + βAi

j
)

= 0, (4.10)

Πij − β
√
gǫikKk

j = 0. (4.11)
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Note that neither g−
1

2πij nor Aij behaves like tensors. The linear combination of (2g−
1

2πij+

βAij), however, does behave as a tensor.

Next, up to total derivative terms, the variation of the Hamiltonian under the fluctu-

ations of gij , Kij, π
ij and Πij is calculated as

δ(gij ,Kij ,πij ,Πij)HTMG

= δπij

{

2NKij + 2DiNj

}

+ δΠij

{

fij

}

+ δ(
√
gβAij)

{

NKij + DiNj

}

+ δgij
√
g

{

N

(

rij − 1

2
gijr − 1

ℓ2
gij

)

+ 2N(KikKj
k −KKij) − 1

2
Ngij(KklKkl −K2)

−(DiDjN−gijDkDkN)+(2g−
1

2πk(i+βAk(i)DkN
j)− 1

2
Dk

(

Nk(2g−
1

2πij +βAij)
)

+ 2βǫmnNDiDnKm
j − 2βǫmnNkKk

iDnKm
j + 2βǫmngklT ijz

nplDz(N
oKo

pKmk)

− 2βǫmngklgopDz

(

−DkNKmoT
ijz
nlp +NDoKmlT

ijz
knp + 2NDnKo(lT

ijz
m)kp

)

− βǫmnNkDi(KnkKm
j) + 2βǫmngqkgloDz

(

NpKmkKl(pT
ijz
n)qo

+NpKnpKl(kT
ijz
m)qo

)

− 1

2
βǫmnδi

mN
j∂nr −

1

2
βǫmnDnNmr

ij +
1

2
βǫmnSijklDkDlDnNm

}

(4.12)

+ δKij
√
g

{

−2NKij +2NgijK−2βǫikDkDjN+N
(

2g−
1

2πij+βAij
)

+2βǫmnN iDnKm
j

− 2βǫikDk(N
lKl

j) + βǫikDlN
jKk

l − βǫikDjN lKlk + βǫikfk
j

}

.

Here Sijkl has been defined by (3.17). Note that Akl is a function of gij and δAkl depends

linearly on δgij . From this, equations of motion for canonical variables are written as

ġij = 2NKij + 2D(iNj), (4.13)

K̇ij = fij, (4.14)

π̇ij = −√
g

{

N

(

rij − 1

2
gijr − 1

ℓ2
gij

)

+ 2N(KikKj
k −KKij) − 1

2
Ngij(KklKkl −K2)

− (DiDjN − gijDkDkN) + (2g−
1

2πk(i + βAk(i)DkN
j) − 1

2
Dk

(

Nk(2g−
1

2πij + βAij)
)

+ 2βǫmnNDiDnKm
j − 2βǫmnNkKk

iDnKm
j + 2βǫmngklT ijz

nplDz(N
oKo

pKmk)

− 2βǫmngklgopDz

(

−DkNKmoT
ijz
nlp +NDoKmlT

ijz
knp + 2NDnKo(lT

ijz

m)kp

)

− βǫmnNkDi(KnkKm
j) + 2βǫmngqkgloDz

(

NpKmkKl(pT
ijz

n)qo
+NpKnpKl(kT

ijz

m)qo

)

− 1

2
βǫmnδi

mN
j∂nr −

1

2
βeǫmnDnNmr

ij +
1

2
βǫmnSijklDkDlDnNm (4.15)

− 1

2
βǫmnT xyz

mlo

(

ġxyg
oigpjDzγ

l
np + gopglr ġxyDkγ

q
npT

ijk
zqr − 2gopgqr ġxyDkγ

l
q(pT

ijk
n)zr

− gopglqDkDzġxyT
ijk
npq + gopglrDkġxyγ

q
npT

ijk
zqr − 2gopgqrDkġxyγ

l
q(pT

ijk

n)zr

)

}

,

Π̇ij=−√
g
{

−2NKij+2NgijK−2βǫikDkDjN+N
(

2g−
1

2πij +βAij
)

+2βǫmnN iDnKm
j

− 2βǫikDk(N
lKl

j) + βǫikDlN
jKk

l − βǫikDjN lKlk + βǫikfk
j
}

. (4.16)
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Note that (4.13) is used in (4.15).

Let us confirm that a part of equations of motion matches with the equation

EAB ≡ RAB − 1

2
ηABR− 1

ℓ2
ηAB + βDCRD(AǫB)

CD = 0, (4.17)

which is directly derived by the Lagrangian formalism in three dimensions. Note that

the indices A,B, . . . are used for three dimensional local Lorentz frame. The covariant

derivative DC , which is defined by a spin connection, acts on the local Lorentz indices. By

contracting (4.16) with Kij and using (4.9) and (4.11), it is possible to derive

0 = −βǫikKij
˙(gjlKkl) + 2NKijK

ij − 2NK2 + 2βǫikKijDkDjN

−N

(

r +
2

ℓ2
+KklKkl −K2 + 2βǫmnDkDnKm

k

)

− 2βǫmnKijN
iDnKm

j + 2βǫikKijDk(N
lKl

j) − βǫikKijDlN
jKk

l

+ βǫikKijDjN lKlk − βǫikKijg
jlK̇kl

= −N
(

r +
2

ℓ2
−KklKkl +K2

)

+ 2βǫij
(

K̇ikKj
k +KikDjDkN

−NDkDjKi
k−N lKklDjKi

k+KikDj(N
lKl

k)+DkN lKikKjl

)

. (4.18)

After tedious calculations, we see that the expression is equal to −2NE00, where 0 rep-

resents time direction in local Lorentz frame. This gives a consistency check that we are

dealing with the correct Hamiltonian.

As mentioned before, the variations of the Hamiltonian (4.8) and (4.12) are derived

up to total derivative terms. Therefore in order to derive correct equations of motion, it

is necessary to add surface term Q[ξ] to the Hamiltonian. By taking the two dimensional

coordinates as (r, φ), the variation of the surface term δQ[ξ] is given so as to cancel the

total derivative terms in the variation of the Hamiltonian:

δQ[ξ]

=

∫

dφ

[√
gSijkr

(

ξ0Dkδgij−Dkξ
0δgij

)

+ξi(2πjr+βg
1

2Ajr)δgij−
1

2
ξr(2πij +βg

1

2Aij)δgij

+ ξiδ(2π
ir + βg

1

2Air) − 2β
√
gǫmrDkξ

0gklδKml + 2β
√
gǫmnξ0Dn(grlδKml)

+
1

2
β
√
gSijkr

(

(ǫmn∂mξn)Dkδgij −Dk(ǫ
mn∂mξn)δgij

)

− 2β
√
gǫmrξiKi

lδKml − β
√
gǫmnξi(δKniKm

r +KniδKm
r) − 2β

√
gǫmngrlξ0Kmoδγ

o
nl

− 2β
√
gǫmngklgop

{

−Dkξ
0KmoT

ijr
nlp + ξ0DoKmlT

ijr
knp + 2ξ0DnKo(lT

ijr
m)kp

}

δgij (4.19)

+ 2β
√
gǫmnξo

{

Ko
pKmkg

klT ijr
npl + gqkglp(KmkKl(oT

ijr
n)qp

+KnoKl(kT
ijr
m)qp

)
}

δgij

+
1

2
β
√
gǫmnT xyk

mlo g
op
{

Dkuxyg
lqT ijr

npq − uxyγ
q
npg

lsT ijr
kqs + 2uxyγ

l
q(pg

qsT ijr
n)ks

}

δgij

− 1

2
β
√
gǫmnT ijr

mlouijg
opδγl

np +
1

2
β
√
gǫmrξmδr

]

.

The index r which is not contracted represents the radial coordinate. Here we introduced

uij(ξ) ≡ 2ξ0Kij + 2D(iξj) and the vector ξ = (ξ0, ξr, ξφ) is related to a Killing vector

– 13 –



J
H
E
P
0
7
(
2
0
0
8
)
0
6
6

ξ̄ = (ξ̄t, ξ̄r, ξ̄φ) by (3.10). Since we are dealing with the Hamiltonian, the Killing vector

should be ξ̄ = (1, 0, 0) and ξ = (N,N r, Nφ). When we deal with the angular momentum,

the Killing vector should be ξ̄ = (0, 0, 1) and ξ = (0, 0, 1). We also call ξ the Killing vector,

since it does not make any confusion. The equation (4.19) makes it possible to evaluate the

mass and the angular momentum of the BTZ black hole, and the central charges in TMG.

The charge Q[ξ] itself is obtained by integrating (4.19) over the canonical variables

with reference to the background values g̃ij , π̃ij, K̃ij and (2π̃ir + βg̃
1

2 Ãir). The last two

become zero at the boundary. (Consult appendix B for explicit representations.) Then we

are able to give an explicit form for Q[ξ].

Q[ξ] =

∫

dφ

[

√

g̃S̃ijkr
(

ξ0D̃k(gij − g̃ij) − D̃kξ
0(gij − g̃ij)

)

+ ξi(2π̃jr + βg̃
1

2 Ãjr)(gij − g̃ij) −
1

2
ξr(2π̃ij + βg̃

1

2 Ãij)(gij − g̃ij)

+ ξi(2π
ir + βg

1

2Air) − 2β
√

g̃ǫ̃mrD̃kξ
0g̃klKml + 2β

√

g̃ǫ̃mnξ0D̃n(g̃rlKml)

+
1

2
β
√

g̃S̃ijkr
(

(ǫ̃mn∂mξn)D̃k(gij − g̃ij) − D̃k(ǫ̃
mn∂mξn)(gij − g̃ij)

)

]

. (4.20)

The canonical variables in (ξ0, ξi) should also be replaced by the background values. Thus

the integrability condition for Q[ξ] is satisfied and δQ[ξ] is δ-exact. Note that in order to

get this expression, we made use of K̃ij → 0 (r → ∞) and so on, so the terms in the last five

lines in eq. (4.19) are simply dropped. Note also that the integration constant in eq. (4.20)

is adjusted so that the charge is zero for (gij , πij ,Kij , 2π
ir + βg

1

2Air) = (g̃ij , π̃ij , 0, 0).

Explicit calculations of several charges are done in the following subsection.

4.2 Mass and angular momentum of BTZ black hole and central charges of

CFT at the boundary

First let us evaluate the mass of the BTZ black hole in TMG by using (4.19). The BTZ

black hole geometry (2.6) still becomes a solution in TMG . This solution is invariant under

the time translation and corresponding Killing vector ξ near the boundary is written as

(ξ0, ξr, ξφ) = (N,N r, Nφ) ∼
(

r

ℓ
, 0,

4GN j

r2

)

. (4.21)

In the background of BTZ black hole, two dimensional quantities which are needed to

estimate the mass behave near the boundary as

δgrr ∼ 8GNmℓ
4

r4
, δKrφ ∼ 4GN jℓ

r2
, δ

(

πrφ +
1

2
g

1

2Arφ

)

∼ 4GN j

r2
. (4.22)

It seems that there are many terms to be estimated in (4.19). Only a few terms, however,

turn out to be non zero values. In fact, last six lines in (4.19) should be zero, since δr ∼ 0,

ǫmn∂mNn = 0, Kij = 0 and uij(ξ) = ġij = 0. Some of remaining terms also vanish and the
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mass is eventually calculated as

M =
1

16πGN
δQ[ξ]

=
1

16πGN

∮

r=∞

dφ
{

2
√
gSrφrφ(−ξ0γr

φφδgrr) + 2βDkξ
0gklδKφl

}

= m+
β

ℓ2
j. (4.23)

For further details of the calculation the reader is referred to appendix B. This correctly

reproduces the result obtained by the other methods [25 – 30, 8, 19]. The mass of the BTZ

black hole in TMG is shifted by the angular momentum which is defined in the gravity

theory with negative cosmological constant.

The angular momentum of the BTZ black hole is also calculated in a similar way.

The BTZ solution is invariant under the rotation along the φ direction and corresponding

Killing vector ξ is written as

(ξ0, ξr, ξφ) = (0, 0, 1). (4.24)

Last five lines in (4.19) should be zero, since δr ∼ 0, Kij = 0 and uij(ξ) = 2D(iξj) = 0.

The evaluation of remaining terms is not so laborious and the result becomes

J =
1

16πGN
δQ[ξ]

=
1

16πGN

∮

r=∞

dφ
{

ξiδ(2π
ir + βg

1

2Air) + β
√
gSrφrφ(−ǫmn∂mξnγ

r
φφδgrr)

}

= j + βm. (4.25)

Again, the angular momentum of the BTZ black hole in TMG is shifted by the mass which

is defined in the gravity theory with negative cosmological constant [25 – 30, 8, 19].

Finally let us evaluate the central charge in TMG . As discussed in section 3, the

diffeomorphisms which do not alter the boundary condition are labelled by ξ±n in (3.3)

whose components are given by (3.2). By using those Killing vectors, we can deform the

global AdS3 background G0
IJ . Here we choose a Killing vector η̄ which corresponds to one

of ξ±n . Then the metric is written as

GIJ = G0
IJ + DI η̄J + DJ η̄I . (4.26)

From the ADM decomposition of this metric, the lapse N , the shift vector N i and two

dimensional metric gij are obtained, and further it is possible to calculate the extrinsic cur-

vature Kij ∼ − 1
2N

(DiNj +DjNi) or canonical variables such as πij . When we evaluate the

central charge, we need to substitute these quantities into (4.19). Fortunately, since δηr,Kij
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and uij(ξ) are zero at the leading order, the expression for the central charge is simplified as

δηQ[ξ]

=

∫

dφ

[√
gSijkr

(

ξ0Dkδηgij −Dkξ
0δηgij

)

+ ξi(2πjr + βg
1

2Ajr)δηgij

− 1

2
ξr(2πij + βg

1

2Aij)δηgij + ξiδη(2π
ir + βg

1

2Air)

− 2β
√
gǫmrDkξ

0gklδηKml + 2β
√
gǫmnξ0Dn(grlδηKml)

+
1

2
β
√
gSijkr

(

(ǫmn∂mξn)Dkδηgij −Dk(ǫ
mn∂mξn)δηgij

)

]

=

∫

dφ

[√
gSijkr

(

ξ0Dkδηgij −Dkξ
0δηgij

)

+ ξiδη(2π
ir + βg

1

2Air) (4.27)

+ 2β
√
gǫrm∂kξ

0gklδηKml +
1

2
β
√
gSijkr

(

(ǫmn∂mξn)Dkδηgij −Dk(ǫ
mn∂mξn)δηgij

)

]

.

In the above, the Killing vector ξ is constructed out of ξ̄ as before, and its asymptotic

value should be chosen out of

(ξ0, ξr, ξφ) ∼
(

r

2
einx±

,−inr
2
einx±

,±1

2
einx±

)

. (4.28)

Second equality is derived by substituting fluctuations of canonical variables. Those are

summarized in appendix B.

Now we have prepared all tools which are necessary to calculate the central charge.

The central charge for η = ξ+n and ξ = ξ+m is evaluated as

1

16πGN
δ
η=ξ+

n
Q[ξ = ξ+m]

=
1

16πGN

∮

r=∞

dφ

{

1

ℓ

(

1

r
ξ0 + ∂rξ

0

)

δηgφφ +
r3

ℓ3
ξ0δηgrr + ξφδη(2π

φr + βg
1

2Aφr)

}

+
β

16πGN

∮

r=∞

dφ

{

1

ℓ2

(

1

r
ξ0 + ∂rξ

0

)

δηgφφ +
r3

ℓ4
ξ0δηgrr + 2∂rξ

0grlδηKφl

}

= − i

12

3ℓ

2GN

(

1 +
β

ℓ

)

m(m2 − 1)δm,−n. (4.29)

The second line just gives the contribution of Einstein-Hilbert term. The third line gives

the modification. In a similar way the central charge for η = ξ−n and ξ = ξ−m is evaluated as

1

16πGN
δη=ξ−n

Q[ξ = ξ−m]

=
1

16πGN

∮

r=∞

dφ

{

1

ℓ

(

1

r
ξ0 + ∂rξ

0

)

δηgφφ +
r3

ℓ3
ξ0δηgrr + ξφδη(2π

φr + βg
1

2Aφr)

}

+
β

16πGN

∮

r=∞

dφ

{

− 1

ℓ2

(

1

r
ξ0 + ∂rξ

0

)

δηgφφ − r3

ℓ4
ξ0δηgrr + 2∂rξ

0grlδηKφl

}

= − i

12

3ℓ

2GN

(

1 − β

ℓ

)

m(m2 − 1)δm,−n. (4.30)
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Again the central charge is given by the sum of the Einstein-Hilbert part and the gravita-

tional Chern-Simons part. Note, however, that the signs in front of the modifications are

different. From a similar calculation, it is possible to check that δ
η=ξ+

n
Q[ξ = ξ−m] = 0. If

we call ξ+m left mover and ξ−m right one, the central charges are written as [7, 8, 18, 19]

cL =
3ℓ

2GN

(

1 +
β

ℓ

)

,

cR =
3ℓ

2GN

(

1 − β

ℓ

)

. (4.31)

Thus via canonical formalism of topologically massive gravity, we have succeeded to realize

the Virasoro algebras of left and right movers with different central charges.3

5. Central charges with all higher derivative corrections

5.1 Final expression of central charges

We have by now established the canonical formalism and have got the Virasoro central

charges (4.31) for TMG which consists of Einstein-Hilbert action with negative cosmologi-

cal constant and gravitational Chern-Simons terms. We are now in a position to generalize

these results in order to encompass most general cases of higher derivative gravity. In the

last paragraph of section 3, we have seen that inclusion of all higher derivative corrections

other than the gravitational Chern-Simons term requires us to multiply the central charges

of Brown and Henneaux’s by the conformal factor Ω [10]. Making use of this simple

scaling rule, we get to the following final expression of the central charges for the left and

right movers:

cL =
3ℓ

2GN

(

Ω +
β

ℓ

)

,

cR =
3ℓ

2GN

(

Ω − β

ℓ

)

. (5.1)

We would like to emphasize that all of the effects due to higher order terms are included in

the factors Ω and β. We also note that these central charges are obtained by constructing

Virasoro algebras directly in the canonical method without referring to the Wald’s formula

or variations thereof.

Furthermore, the definition of mass and angular momentum of BTZ black hole should

necessarily be modified in the most general theory of gravity (2.1). Combining the results

of (3.24), (4.23) and (4.25), the effective mass and the angular momentum become

M = Ωm+
β

ℓ2
j, J = Ωj + βm. (5.2)

3See ref. [31] in the case of Riemann-Cartan geometry.

– 17 –



J
H
E
P
0
7
(
2
0
0
8
)
0
6
6

From these, the zero modes L+
0 and L−

0 of Virasoro algebras for left and right movers are

expressed as

L+
0 =

1

2
(Mℓ+ J) =

(

Ω +
β

ℓ

)

1

2
(mℓ+ j) , (5.3)

L−
0 =

1

2
(Mℓ− J) =

(

Ω − β

ℓ

)

1

2
(mℓ− j) . (5.4)

Putting these together with (5.1) into the Cardy’s formula for counting the states in CFT,

we obtain the entropy

S = 2π

√

1

6
cLL

+
0 + 2π

√

1

6
cRL

−
0

=
π

2GN

(

Ω +
β

ℓ

)

√

2GN ℓ2
(

m+
j

ℓ

)

+
π

2GN

(

Ω − β

ℓ

)

√

2GN ℓ2
(

m− j

ℓ

)

. (5.5)

This agrees with the previous entropy formula (2.10) obtained by the extended Wald’s

formula. For the BTZ black hole capturing the contributions of all higher derivative cor-

rections, we have thus proven the agreement between the macroscopic entropy and the

Cardy’s entropy of microstate counting.

5.2 Realization in M-theory: M5 system

In 5.1, we applied Brown-Henneaux’s method to the three dimensional gravity theories

with most general higher derivative terms, and derived the central charges of CFT at the

boundary. The three dimensional theory of that sort is usually embedded in higher dimen-

sional theories in the string theory context. Among several others, the most interesting

example is embodied in M-theory, which is intriguing because the corresponding CFT is

understood very clearly [5].

The M-theory is defined in eleven dimensions and its low energy limit is well described

by eleven dimensional supergravity. When we compactify the eleven dimensional super-

gravity on CY3, it becomes five dimensional supergravity with eight supercharges. Beyond

the low energy limit, the M-theory contains a lot of terms which correct eleven dimensional

supergravity. Among subleading terms in the derivative expansion, there exists a would-be

Chern-Simons term which is expressed as [32]

ℓ6p
2κ2

11

π2

3 · 26

∫

A ∧ tr(R ∧R) ∧ tr(R ∧R), (5.6)

where ℓp is the Planck length in eleven dimensions, 2κ2
11 = (2π)8ℓ9p. A is a 3-form potential

and the M5-brane is magnetically coupled to this field. The Chern-Simons term in five

dimensions arises after reducing this term. In fact, by expanding the 3-form with a basis

of harmonic (1, 1)-forms J
Î

in CY3 as A = 8π2ℓ3pA
Î ∧ J

Î
, we obtain [33]

c2Î

3 · 27π2

∫

AÎ ∧ tr(R ∧R). (5.7)
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Here AÎ corresponds to gauge fields in five dimensions, and c2Î
= 1

8π2

∫

CY3
J

Î
∧ tr(R ∧R).

In general, other curvature squared terms are also obtained by the dimensional reduction

of R4 terms in the M-theory. It is, however, complicated to work out all these terms, thus

we employ the five dimensional conformal supergravity below.

By applying the conformal supergravity approach, the action of the five dimensional

supergravity theory concerned with R2 terms has been constructed in ref. [34]. With

this action together with an ansatz of AdS3 × S2 geometry, we would like to identify the

effective cosmological constant −2/ℓ2, the conformal factor Ω and the coupling constant

β in terms of topological quantities in CY3. Actually the three dimensional gravitational

Chern-Simons term can be obtained by compactifying (5.7) on S2. The central charges are

also expressed by the CY3 data in the context of string theory. In passing note that similar

calculations have been done in refs. [7, 8, 12].

In the following we employ notations used in ref. [12]. Assuming that the five dimen-

sional metric, gauge fields and 2-form auxiliary field v be given by

ds2(5) = ψ2GIJdx
IdxJ + χ2dΩ2

S2,

F Î
θφ =

pÎ

2
sin θ,

vθφ = V sin θ, (5.8)

we obtain the three dimensional supergravity with the curvature squared terms and grav-

itational Chern-Simons term. Here pÎ corresponds to the M5-brane charge. In order to

realize the Einstein frame in three dimensions, we have to set

ψ−1 =
χ2

π

(

3

4
+

1

4
N +

c2Î
M Î

288χ2
+
c2Î
M ÎV 2

72χ4
− c2Î

pÎV

288χ4

)

, (5.9)

where M Î stand for moduli scalars. Then the action becomes [12]

S =

∫

d3x
√
−G

(

R+ Z(φ) +A(φ)R2 +B(φ)RIJR
IJ
)

+

∫

d3xLCS + S ′, (5.10)

in the unit of 16πGN = 1. Here φ stands generically for all scalars M Î , V , D and χ, and

S ′ includes their derivative terms. The scalar potential and each coupling are given by

Z(φ) = ψ3χ
2

π

{

2

χ2

(

3

4
+

N
4

)

− 2

(

D

4
− V 2

χ4

)

+ N
(

D

2
+

6V 2

χ4

)

+
2N

Î
pÎV

χ4
+

N
Î Ĵ
pÎpĴ

8χ4

+
c2Î
M Î

96χ4
+
c2Î
M ÎD2

288
+
c2Î
pÎV D

144χ4
− 5c2Î

M ÎV 2

36χ6
− c2Î

pÎV

48χ6
+
c2Î
pÎV 3

36χ8
+
c2Î
M ÎV 4

6χ8

}

,

A(φ) = −5

6

c2Î
M Îχ2

192πψ
, B(φ) =

8

3

c2Î
M Îχ2

192πψ
, β = −c2Î

pÎ

96π
, (5.11)

where

N =
1

6
c
Î ĴK̂

M ÎM ĴM K̂ , N
Î

=
1

2
c
Î ĴK̂

M ĴM K̂ , N
Î Ĵ

= c
Î ĴK̂

M K̂ . (5.12)
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c
Î ĴK̂

and c2Î
are the triple intersection number and the second Chern class number of

CY3, respectively.

The action (5.10) enables us to derive an equation of motion for the metric

1

2
GIJ{R+AR2 +B(RIJ)2 + Z} −RIJ − 2ARRIJ − 2BRIKRJ

K + T IJ

= βǫKL(IDKR
J)
L + (derivative terms of φ), (5.13)

and those for scalars

∂φZ + ∂φAR
2 + ∂φB(RIJ)2 = (derivative terms of φ). (5.14)

It is, however, almost impossible for us to find general solutions to these equations. What

we can do is to take all φ to be constants everywhere and to assume that the BTZ black hole

which satisfies (2.4). It corresponds to the black ring solution whose geometry is AdS3 ×
S2 in five dimension. By substituting (2.4), equations of motion (5.13) and (5.14) reduce to

Z =
2

ℓ2
+ (3A+B)

(

2

ℓ2

)2

,

0 = ∂φZ + 3 (3 ∂φA+ ∂φB)

(

2

ℓ2

)2

. (5.15)

Since c2Î
indicates the higher derivative corrections in the next order, we can solve five

equations (5.15) to the first order of c2Î
. The solutions are

M Î =
pÎ

p

(

1− C

36

)

, V =−3

8
p

(

1+
C

36

)

, D=
12

p2

(

1− C

18

)

, χ=
p

2

(

1+
C

36

)

, (5.16)

and

ℓ =
p3

4π

(

1 +
37

288
C

)

, (5.17)

where p3 = 1
6cÎ ĴK̂

pÎpĴpK̂ and C = c2Î
pÎ/p3. On the other hand, the conformal factor Ω

for this solution is calculated as

Ω(ℓ) = 1 + 2AR+
2

3
BR

≃ 1 − C

288
. (5.18)

The assumption of constant scalars admits the BTZ black hole solution. Therefore,

the Brown-Henneaux’s approach explained in the previous sections can be applied to this

solution, and we can prove the existence of the two dimensional CFT satisfying the Virasoro

algebra on the AdS boundary. With the use of 16πGN = 1, β = −c2Î
pÎ/96π and the

formula (5.1), the central charges of the left and right movers are given by

cL = 6p3 +
1

2
c2Î
pÎ ,

cR = 6p3 + c2Î
pÎ , (5.19)
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in agreement with [5, 7, 8, 35, 12]. In four dimensions, these central charges appear in

expressions of the entropy for the extremal non-BPS and BPS black holes, respectively [36].

The precise information of the microstates for the CFT at the boundary is veiled in our

formalism. Whatever the microstates may be, we can only see the Virasoro algebras

and calculate their central charges. But as for the M5-brane system, the explanation for

microstates was made clear in ref. [5] from the detailed description of the effective field

theory on the brane.

6. Summary and discussions

In the present paper we have analyzed topologically massive gravity (1.1), using the con-

ventional canonical formalism. Since there are higher derivative terms w.r.t. time, we made

use of the generalized version of the Ostrogradsky method. We defined the global charges

so as to cancel the surface terms of the variation of the Hamiltonian. Using these, we have

derived the Virasoro algebras realized asymptotically at the boundary (r ∼ ∞), and found

that the central charges are given by (4.31), which do not respect left-right symmetry. The

mass and the angular momentum of the BTZ black hole are also computed including the

effects due to the gravitational Chern-Simons term.

We have gone one step further to argue that effects due to higher derivative terms can

be included by employing the scaling argument. The central charges, the mass and the

angular momentum in such a general class of higher derivative theories are given by (5.1)

and (5.2), respectively. The BTZ black hole entropy is given by (5.5), which agrees with the

formula given by using the modified Wald’s formula. We have thus succeeded in strengthen-

ing the link between the two dimensional boundary CFT and the three dimensional gravity

description of the black hole. As an interesting example, we considered the three dimen-

sional model which are realized by compactifying the M-theory on CY3 × S2. The left-right

asymmetric central charges are already given in ref. [5] from the microscopic viewpoint, and

we confirmed that the result can exactly be reproduced in our formalism. The consideration

from the representation of Virasoro algebras is also important as future works [37].

In this paper, we treated ℓ and β as free parameters. From the analyses by CFT,

however, it was pointed out that the three dimensional gravity theory could be realized so

as to be consistent with unitarity and positivity only when ℓ and β take some particular

values [38, 39].4 It would be interesting if we could re-examine these observations from our

canonical approach including the higher derivative contribution Ω. Generalization of our

formalism to the supergravity is also an interesting future direction [40].
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A. ADM decomposition of gravitational Chern-Simons term

In this appendix we give a quick summary of the ADM decomposition of the gravitational

Chern-Simons term. First note that capital variables GIJ , EA
I , ΓI

JK and ΩA
BI are

three dimensional metric, vielbein, affine connection and spin connection, respectively,

and gij , e
a
i, γ

i
jk and ωa

bi are two dimensional ones. As in the main body of the text,

I, J · · · = t, r, φ labels the three dimensional space-time indices and A,B · · · = 0, 1, 2

denotes the three dimensional local Lorentz indices. Also, small indices are of two

dimensional: i, j · · · = r, φ and a, b · · · = 1, 2.

For the purpose of the ADM decomposion of the gravitational Chern-Simons term (1.3),

the simplest way is to divide LCS into the Lorentz Chern-Simons and remaining terms.

When we write the connection 1-form expressed by the matrix notation as ΓI
J = ΓI

JKdx
K ,

the relation between the affine connection and the spin connection is

ΓI
J = EI

AΩA
BE

B
J + EI

AdE
A
J . (A.1)

Note that ΓI
J and ΩA

B are the connection 1-form but EA
J is the 0-form vielbein. Omitting

the indices like Γ = E−1ΩE+E−1dE, the gravitational Chern-Simons term is expressed by

Tr

(

ΓdΓ +
2

3
Γ3

)

= Tr

(

ΩdΩ +
2

3
Ω3

)

− 1

3
Tr(dEE−1)3 − dTr(dEE−1Ω). (A.2)

We can drop the last term since it is just a total derivative.

Let us define

Kab =
1

N
(ei( aėb ) i −D( aNb )) , Lab =

1

N
(ei[ aėb ] i −D[ aNb ]), (A.3)

where Di is the covariant derivative which acts on the local Lorentz indices like DiV
a =

∂iV
a + ωa

biV
b. Then the first term of (A.2) becomes

ΩA
BdΩ

B
A = 2Ω0

adΩ
a
0 + Ωa

bdΩ
b
a

= 2{−(∂aN +KabN
b)∂jK

a
i + ∂j(∂

aN +Ka
bN

b)Kai +KajK̇
a
i}dt ∧ dxi ∧ dxj

+{ωa
bi∂j(L

b
aN) − ∂jω

b
aiL

a
bN − ωa

biω̇
b
aj}dt ∧ dxi ∧ dxj , (A.4)

and the second term is

ΩA
BΩB

CΩC
A = 3Ω0

aΩ
a
bΩ

b
0

= 3(2∂aNω
a
biK

b
j −NKaiK

b
jL

a
b +KajK

b
iω

a
bcN

c

+2KaeK
b
jω

a
biN

e)dt ∧ dxi ∧ dxj . (A.5)

If we use ǫtij
√
−G = ǫij

√
g and the two dimensional identity rab

ij = re
[ a
[ ie

b ]
j ], the Lorentz

Chern-Simons term can be written as

Tr

(

ΩdΩ +
2

3
Ω3

)

∼= {4(∂aN +KabN
b)DiK

a
j + 2KajK̇

a
i − ωa

biω̇
b
aj

+(2KajK
b
i + rebieaj)(DbN

a − ekbė
a
k)}

√
gǫijd3x
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= {4(∂lN +KlkN
k)DiK

l
j + 2K̇k

iKkj + 2KkjK
l
iDlN

k + rDiNj

−reaj ė
a
i − ωa

biω̇
b
aj}

√
gǫijd3x, (A.6)

up to total derivative. Kij is of course the extrinsic curvature (3.7) and Di is the usual

covariant derivative.

On the other hand, one can check that the second term on the right hand side of (A.2)

becomes

−1

3
Tr(dEE−1)3 = −1

3
(dEE−1)ab(dEE

−1)bc(dEE
−1)ca

= ėkb∂ie
b
le

l
c∂je

c
kdt ∧ dxi ∧ dxj . (A.7)

After some manipulation and neglecting the total derivative, the sum of the last lines

in (A.6) and (A.7) becomes

∫

d3x
√
gǫij

(

−reaj ė
a
i − ωa

biω̇
b
aj + ėkb∂ie

b
le

l
c∂je

c
k

)

=

∫

d3x
√
gǫij γ̇l

ikγ
k
jl

=

∫

d3x
√
g(−ǫmpgloT ijk

mnoDkγ
n

pl)ġij , (A.8)

in which we used the definition (4.3) of T ijk
mno and

Dkγ
n

pl ≡ ∂kγ
n

pl + γn
kmγ

m
pl − γm

kpγ
n

ml − γm
klγ

n
pm. (A.9)

Defining Aij by (4.4), we can rewrite the last line of (A.8) as

−
∫

d3x
√
gAij ġij = −

∫

d3x
√
gAij(2NKij + 2DiNj)

∼=
∫

d3x
√
g(−2AijNKij + 2DiA

ijNj). (A.10)

In fact, the result of the central charge for the Virasoro algebra does not depend on

whether we use the gravitational Chern-Simons or Lorentz Chern-Simons. As we have

seen in section 4, this is due to the fact that the above terms involving Aij have no

contribution to the central charge calculation. To sum up, combination of all the terms

calculated above leads us finally to the following expression:

√
−GǫIJK

(

ΓP
IQ∂JΓQ

KP +
2

3
ΓP

IQΓQ
JRΓR

KP

)

=
√
g
[

2ǫmnK̇mkKn
k +N

{

4ǫmnDkDnKm
k − 2AklKkl

}

+N i
{

− 4ǫmnKi
lDnKml − 2ǫmnDk(KniKm

k) + gimǫ
mn∂nr + 2DkAi

k
}

]

. (A.11)
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B. Supplementary calculations on charges

B.1 Mass and angular momentum of BTZ black hole

Let us consider the ADM decomposition of the BTZ black hole solution (2.6). From the

canonical procedure, the lapse, the shift vector and the two dimensional metric are given by

N = Ñ + δN ∼ r

ℓ
− 4GNmℓ

r
,

N r = Ñ r + δN r ∼ 0 + 0,

Nφ = Ñφ + δNφ ∼ 0 +
4GN j

r2
, (B.1)

gij = g̃ij + δgij ∼





ℓ2

r2
0

0 r2



+





8GNmℓ
4

r4
0

0 0



 .

These are expanded around m = j = 0 and the flucutuations are linearly dependent on m

or j. From the metric g̃ij given in the above, nonzero components of the affine connection

and S̃ijkl = 1
2 (g̃ikg̃jl + g̃ilg̃jk − 2g̃ij g̃kl) are evaluated as

γ̃r
rr = −1

r
, γ̃φ

rφ =
1

r
, γ̃r

φφ = −r
3

ℓ2
,

S̃φφrr = − 1

ℓ2
, S̃φrφr =

1

2ℓ2
. (B.2)

By using the equations of motion (4.13) and (4.15), the extrinsic curvature and the

covariant combination of the momentum are calculated as

Kij = K̃ij + δKij ∼
(

0 0

0 0

)

+





0
4GN jℓ
r2

4GN jℓ
r2

0



 ,

(

π +
1

2
βg

1

2A

)ij

=

(

π̃ +
1

2
βg̃

1

2 Ã

)ij

+ δ

(

π +
1

2
βg

1

2A

)ij

∼
(

0 0

0 0

)

+





0 4GN j
r2

4GN j
r2

0



 .

(B.3)

In order to derive these expressions, we dropped terms with time derivatives.

B.2 The central charges

Let us consider the geometry constructed by GIJ = G0
IJ + DI η̄J + DJ η̄I . Here G0

IJ is the

metric of global AdS3 and η̄I represents some Killing vector. For η = ξ±n , the lapse, the

shift vector and the two dimensional metric behave asymptotically as

N = Ñ + δN ∼
(

r

ℓ
+

ℓ

2r

)

− iℓn(n2 − 2)

4r
einx±

,

N r = Ñ r + δN r ∼ 0 − ℓn2

r
einx±

,
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Nφ = Ñφ + δNφ ∼ 0 ± iℓn(n2 − 1)

2r2
einx±

, (B.4)

gij = g̃ij + δηgij ∼





ℓ2

r2
− ℓ4

r4
0

0 r2



+





− inℓ
4

r4
∓n

2ℓ4

2r3

∓n
2ℓ4

2r3
in3ℓ2

2



 einx±

.

From the metric g̃ij given in the above, asymptotic behaviors of the affine connection and

S̃ijkl are evaluated as (B.2). By using the equations of motion (4.13) and (4.15), the

extrinsic curvature and the covariant combination of the momentum are calculated as

Kij = K̃ij + δηKij ∼
(

0 0

0 0

)

+







−2n2ℓ4

r5
± in(n2 − 1)ℓ2

2r2

± in(n2 − 1)ℓ2

2r2
n2(n2 + 1)ℓ2

2r






einx±

,

(

π +
1

2
βg

1

2A

)ij

=

(

π̃ +
1

2
βg̃

1

2 Ã

)ij

+ δη

(

π +
1

2
βg

1

2A

)ij

∼
(

0 0

0 0

)

+







−n
2(ℓ∓ β + n2(ℓ± β))

2r ± in(n2 − 1)ℓ

2r2

± in(n2 − 1)ℓ

2r2
±n

2(±4ℓ+ β(n2 − 1))ℓ2

2r5






einx±

.

(B.5)

It is useful to note that D̃n(g̃rlδηKml) is symmetric under the exchange of m and n, i.e.,

D̃n(g̃rlδηKml) =





6n2ℓ2

r4
∓ in(n2 − 1)

r

∓ in(n2 − 1)
r −n2(n2 + 2)



 einx±

. (B.6)

Other useful equations used in the text are:

g̃rlδηKφl ∼ ±i1
2
n(n2 − 1)einx±

, ǫpq∂pξq ∼ ±r
ℓ
einx± ∼ ±2

ℓ
ξ0. (B.7)
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[3] A. Achúcarro and P.K. Townsend, A Chern-Simons action for three-dimensional

anti-de Sitter supergravity theories, Phys. Lett. B 180 (1986) 89;

E. Witten, (2 + 1)-dimensional gravity as an exactly soluble system, Nucl. Phys. B 311

(1988) 46.

[4] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic

symmetries: an example from three-dimensional gravity, Commun. Math. Phys. 104 (1986)

207.

[5] J.M. Maldacena, A. Strominger and E. Witten, Black hole entropy in M-theory, JHEP 12

(1997) 002 [hep-th/9711053].

– 25 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C153%2C405
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C69%2C1849
http://arxiv.org/abs/hep-th/9204099
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB180%2C89
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB311%2C46
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB311%2C46
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C104%2C207
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C104%2C207
http://jhep.sissa.it/stdsearch?paper=12%281997%29002
http://jhep.sissa.it/stdsearch?paper=12%281997%29002
http://arxiv.org/abs/hep-th/9711053


J
H
E
P
0
7
(
2
0
0
8
)
0
6
6

[6] A.C. Cadavid, A. Ceresole, R. D’Auria and S. Ferrara, Eleven-dimensional supergravity

compactified on Calabi-Yau threefolds, Phys. Lett. B 357 (1995) 76 [hep-th/9506144].

[7] P. Kraus and F. Larsen, Microscopic black hole entropy in theories with higher derivatives,

JHEP 09 (2005) 034 [hep-th/0506176].

[8] P. Kraus and F. Larsen, Holographic gravitational anomalies, JHEP 01 (2006) 022

[hep-th/0508218].

[9] As a recent review see for example P. Kraus, Lectures on black holes and the AdS3/CFT2

correspondence, hep-th/0609074.

[10] H. Saida and J. Soda, Statistical entropy of BTZ black hole in higher curvature gravity, Phys.

Lett. B 471 (2000) 358 [gr-qc/9909061].

[11] G. Magnano, M. Ferraris and M. Francaviglia, Nonlinear gravitational Lagrangians, Gen. Rel.

Grav. 19 (1987) 465.

[12] R.K. Gupta and A. Sen, Consistent truncation to three dimensional (super- )gravity, JHEP

03 (2008) 015 [arXiv:0710.4177].

[13] S. Deser, R. Jackiw and S. Templeton, Three-dimensional massive gauge theories, Phys. Rev.

Lett. 48 (1982) 975.

[14] S. Deser, R. Jackiw and S. Templeton, Topologically massive gauge theories, Ann. Phys.

(NY) 140 (1982) 372 [Erratum ibid. 185 (1988) 406] [Ann. Phys. (NY) 281 (2000) 409].
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