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ABSTRACT: We analyze the symmetry realized asymptotically on the two dimensional
boundary of AdS3 geometry in topologically massive gravity, which consists of the gravita-
tional Chern-Simons term as well as the usual Einstein-Hilbert and negative cosmological
constant terms. Our analysis is based on the conventional canonical method and proceeds
along the line completely parallel to the original Brown and Henneaux’s. In spite of the
presence of the gravitational Chern-Simons term, it is confirmed by the canonical method
that the boundary theory actually has the conformal symmetry satisfying the left and right
moving Virasoro algebras. The central charges of the Virasoro algebras are computed ex-
plicitly and are shown to be left-right asymmetric due to the gravitational Chern-Simons
term. It is also argued that the Cardy’s formula for the BTZ black hole entropy capturing
all higher derivative corrections agrees with the extended version of the Wald’s entropy
formula. The Mb5-brane system is illustrated as an application of the present calculation.
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1. Introduction

The three dimensional spacetime has been one of the interesting testing grounds to un-
cover quantum natures of gravity. Especially, the three dimensional gravity with negative
cosmological constant has been paid much attention, since this system admits a globally
AdSj3 geometry as a vacuum [fl], and the black hole solution of Baiiados, Teitelboim and
Zanelli (BTZ) [f] as excited states. Moreover, this system can equivalently be analyzed by
mapping to gauge Chern-Simons action [f.

One of the interesting properties of the AdSs geometry is that there exists an asymp-
totic symmetry at the boundary, described by two dimensional conformal field theory
(CFT). By using a canonical formalism of the Einstein-Hilbert gravity, Brown and Hen-
neaux [H] successfully constructed left- and right-moving Virasoro algebras at the boundary,
which share a common nontrivial value for their central charges.

The existence of the two dimensional CFT is inferred if we embed this system in M-
theory [{]. The low energy limit of the M-theory is well described by eleven dimensional



supergravity, and after compactification on Calabi-Yau (CY) 3-fold, it becomes five dimen-
sional supergravity [f]. An M5-brane which wraps on four cycles in CY3 corresponds to
a string-like black object in five dimensional supergravity, and after taking near horizon
limit, the geometry becomes AdS; x S%. The AdS3 geometry appears after the dimensional
reduction of S? part. On the other hand, the field theory on the M5-brane is well described
by two dimensional CF'T after reducing four dimensional part which wraps on four cycles
in CY3. In this way we can understand AdS3/CFTy correspondence via the Mb5-brane
wrapping on the CY3 [[-[].

The three dimensional theory relevant to the M-theory includes both the gravitational
Chern-Simons term and other matter fields containing higher derivative terms. Let us recall
in this connection that Saida and Soda [[[(] have previously studied the higher derivatives
without the Chern-Simons term. By applying frame transformation method [[[1], they
mapped the higher derivative action to the canonical Einstein-Hilbert one. In the case of
BTZ black hole, this frame transformation just scales the original metric, and it becomes
possible to calculate the modification of the Virasoro central charges by the simple scaling
argument. Both left and right central charges scale in the same way and agree with each
other, even if the higher derivative terms are included.

In this paper, we generalize the work of ref. [@] by including the gravitational Chern-
Simons term. This cannot be dealt with by the simple scaling argument, and we need to
consider the canonical formalism in a conventional way. It has been argued by Gupta and
Sen in ref. [[[J] that the method of field redefinition and consistent truncation transforms the
three dimensional gravity theory into the one consisting of only three terms: the Einstein-
Hilbert, the cosmological constant and the gravitational Chern-Simons terms. Such a three
dimensional theory with negative cosmological constant is often referred to as topologically
massive gravity (TMG) [[[3, [4]. The action is given by

_ 1 3
2
LEH = V —G<R—|— €—2>, (1.2)
2
Log = g —Gel K <FP1Q8JFQKP + gFP[QFQJRFRKP>' (1.3)

The cosmological constant —2/¢2 in Lgy is negative and 3 is a coupling constant with the
dimension of the length. The determinant of the three dimensional metric Gy is denoted
by G, the three dimensional Christoffel symbol is by I'Y'jo and the capital letters P, I, Q
MNO

etc. label the three dimensional space-time indices, ¢, » and ¢. Note also that e is a

covariantly constant tensor and /—GeMNO

is just a constant.

Notice that ([[.J) contains third derivative with respect to the time. The canonical
formalism of such a system can be accomplished by using the Ostrogradsky method, where
a new variable is introduced to reduce the number of the time derivative [[[§]. For the
gravitational Chern-Simons term, it is convenient to employ the generalized version of
it [[{6, [[4]. Then it is possible to define the Hamiltonian, and from its variation we can

extract the global charges, such as a mass, an angular momentum and central charges in



TMG. The asymptotic symmetry in TMG is again described by the left and right moving
Virasoro algebras, whose central charges are, however, not the same as we will show later.
The central charges has been derived in previous literatures in several ways [[i, B, [3, [[9, [Z].

The entropy of the black hole may be evaluated by using the Cardy’s formula together
with the modified values of the central charges. There is an important remark that the
black hole entropy computed on the basis of the Cardy’s formula should not be compared
with the Wald’s formula [R{] in its original form which is applicable only for manifestly
diffeomorphism invariant theories. The formula should be compared with the one given
recently in refs. [[[9, R, where a modification has been made so that one can include
such a term as the Chern-Simons’. The agreement of both entropies are confirmed in our
canonical formalism.

The structure of our work is as follows. In section P we present the modified version of
the Wald’s black hole entropy formula, paying a particular attention to higher derivative
corrections including those of the Chern-Simons term. The framework of deriving the
asymptotic symmetry is discussed in section . The calculation of the Virasoro central
charges in TMG is given in section [, in the Ostrogradsky method which is adapted to the
cases of higher derivative terms. The mass and the angular momentum of the BTZ black
hole is also discussed, including the effects due to the Chern-Simons term. In section [, we
discuss all of the higher derivative corrections and compare our black hole entropy formulas
with the modified version of Wald’s given in section f. Our calculation is shown to be
useful in the application of M5 system. Appendix Al is devoted to a detailed discussion
on the difference between gravitational and Lorentz Chern-Simons terms. Some of the
calculational details are relegated to appendix [B.

2. Most general entropy formula for BTZ black holes

Before starting to discuss the canonical method and the CFT approach to the BTZ black
hole, we here concentrate on the macroscopic treatment of black hole entropy a la Wald
(See refs. [RF)). We pay a particular attention to, and try to include the effects of higher
derivative terms together with the Chern-Simons’ in as general a way as possible. For such
a purpose we begin with the following Lagrangian

1 /d3xm [f(R[J,G]J) + 632] + L /d3xﬁcs. (2.1)
0

~ 167Gy 167Gy

Here f is a generally covariant part and is supposed to contain all possible higher deriva-
tives. In three dimensional spacetime, the Riemann and the Ricci tensors have both six
components and are related by the formula R/ = 4G(1(KRJ)L) — RG(I(KGJ)L).
Therefore, f is assumed to be a functional of the Ricci tensor and the metric only. Note
that the negative cosmological constant in (R-I]) is denoted by —2/¢2.

The action (R.1)) is diffeomorphism invariant up to the total derivatives. Due to the
gravitational Chern-Simons term and other higher derivative terms, the Einstein equation
is modified as
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Here we denote

1
TIJ _ 5 (DKDIPKJ +DKDJPIK _ DPIJ _ GIJDKDLPKL) , PIJ — 88Rf ) (23)
1J

Dy is the usual covariant derivative.
Various solutions to (R.4) would be possible, but it is known that the AdS3 geometry

satisfying

L 1s 2 1J

§G <R+ €—2> -R7 =0 (2.4)
with some constant ¢ is certainly a solution to (R.3). This can be seen by the following
argument. If (2.4) is satisfied, then the scalar curvature is just a constant (R = —6/¢2)
and the metric and the Ricci tensors are proportional (R;; = —2Grs/¢?). We can see
that (B.3) and the right-hand-side of (R.3) vanish. Eq. (.9) turns out to be a relation that
fixes £ as a function of ¢y. This may be regarded as an “effective” cosmological constant
due to the higher derivative terms.!

The vacuum solution to (B.4) is the global AdS geometry with the radius ¢

-1
2 _ 7"_2 2 ﬁ 2 2742
ds® = 1+£2 dt” + 1—|—€2 dr® +rode”. (2.5)

As an excited state the BTZ black hole solution [g]
ds®> = —N?dt? + N72dr? + r*(d¢ + N%dt)?,

2 (T\2, (4GNj\? o AGyj
N _(€> +<—T ) 8GNm, Ne = H, (2.6)

is also allowed, which preserves the local AdSs symmetry and is constructed by global
identification of independent points on (R.5). In the Einstein-Hilbert gravity with negative
cosmological constant, parameters m and j correspond to the mass and angular momen-
tum of the BTZ black hole. In general, however, the definition of the mass and angular
momentum must be changed by taking into account of other higher derivative terms. As
we will see explicitly in section [| in the canonical formalism, the effective mass M and
the effective angular momentum J of the BTZ black hole (R.6) are represented by linear
combinations of m and j when the Chern-Simons term is present.

It is well known that the Bekenstein-Hawking’s area law for the black hole entropy
is modified by Wald’s entropy formula for general covariant theories which include higher
derivative terms [R{]. In those theories, however, which are not manifestly invariant under
the diffeomorphism, that formula cannot be applied directly and must be modified. The
extended Noether method including the contribution of the non-covariant terms was dis-
cussed in [RI]. In general, the non-covariant terms such as the gravitational Chern-Simons
term, which is one of the higher derivative terms, modify the Noether charge in a slightly
different fashion from Wald’s formula. As a result, the black hole entropy receives the
higher derivative correction further. In practice we have to determine the corrections to

IThroughout this paper, the effective cosmological constant —2/(2 always appears in the solutions.



the Wald’s entropy formula on a case-by-case basis. For the gravitational Chern-Simons
term in three dimensions the additional correction AS to the entropy is found to be
g

AS = @ HEJIPIJdeK. (27)

IJ is a binormal vector on the horizon H. The equivalent results for the three

Here €
dimensional gravitational Chern-Simons term were obtained by several others [[L9, [§].
With the help of this, the full entropy of the BTZ black hole are, therefore, calculated

as follows:
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where the conformal factor €2 is defined by

of

0=2lg, 9 (2.9)
3 J

This € is just a constant for the BTZ black hole solution (R.6), and Q = 1 for the Einstein-

Hilbert action. By substituting explicit values of r1 = \/2GNl(lm + j) £ \/2GNL(lm — §)
into (R.§), we finally obtain the entropy formula

S— ﬁ{(sn%) \/2GN£2 <m+%> + <Q— %) \/2GN€2 <m— %) } (2.10)

This is the macroscopic entropy including all higher derivative corrections in three dimen-

sions. In the present paper we consider only the parameter region of Q¢ > 5 > 0 just
for simplicity. The situation where Q < 0 or 3 > / has been discussed in PJ]. In the
following sections, by generalizing the original Brown-Henneaux’s canonical approach, we
shall show that the expression (R.1() is in perfect agreement with the Cardy’s formula for
the CFT on the two dimensional boundary.

3. Hamiltonian formalism and Virasoro algebras

As long as the BTZ black holes are concerned, our analyses of the asymptotic symmetry
associated with ([[.1) will go along a line quite parallel to those in ref. [f] where only
the Einstein-Hilbert action is considered. It is therefore convenient to summarize key
ingredients of Brown and Henneaux’s work which are not altered when we take the Chern-
Simons term into our consideration.

First of all let us specify the boundary conditions so that field configurations behave
as “asymptotically AdSs”. We require that the metric should behave at the spatial infinity



Gu=——+0(), Gy = (9(7‘_3), Gip = O(1),
72 _ _
Gy = ) +0(r ™), Grp = O(r 3, Gep = r? +O(1), (3.1)
which is in accordance with the behavior in (B-5) and (B-§). The vector fields (£9,£7,£%)
that transform the metric while preserving the boundary conditions (B.J]) are not strongly

restricted but are allowed to be a general class of functions. In fact, by using the coordinates
of x* = % + ¢, the n-th Fourier component of the vector fields is given by

S 2 A ’n? ~ nro.o.+ - 1. + ?’n?
T _ - ¢ _
6 — §eznx (1 _ W)? ST = _j—n% , 6 — iielnﬂc <1 + W) (32)
In this paper we call the above vector fields “Killing vectors”. For later use, we assign
explicit notations for these Killing vectors:

2,2 :
+_ Il inz* n mnr
n = f 8[ =€ <8:|: — Wa:': — 7&) s (33)
where Jy = %(f@t +0,). The algebraic structure of the symmetry is encoded in the Killing
vector and in fact we can directly compute the commutation relations of these differential
operators

(6n &) =—im=n) &y, 606 =007Y. (3.4)

This result clearly shows that the asymptotically AdSs spacetime is endowed with the two
dimensional conformal symmetry.

In order to evaluate the central extension of the Virasoro algebras, we have to know the
asymptotic behaviors of the canonical variables and we introduce the (2 4 1)-dimensional
decomposition of the three dimensional metric Gj; as

~N?2 4+ NyN* N;
Grj = ( F i ) (3.5)
N; 9ij

Here g;j,(i,j = r,¢) is the two dimensional metric. The lapse and shift functions are
denoted by N and NV, respectively. The Einstein-Hilbert action is rewritten as usual by

2 ..
EEH = \/EN <’f’ + £—2 —|—KUKij - K2> ) (3'6)

where 7 is the scalar curvature made out of g;;, and

1 .
K;; = N (9ij — DiNj — D;N;), (3.7)
K = ngij- (38)

The dot over g;; means the t-derivative and D; is the covariant derivative with respect to
gij- The momentum variable 7 conjugate to gij is given by T = VIK U — g K) for the



case of Einstein-Hilbert action, and the Hamiltonian H is the Legendre transform of Lgyy,
i.e., H = Wijgij - EEH

The Hamiltonian consists of the usual combination of the constraints together with
appropriate surface term Q[¢],

H[¢] = / P (EH + €H,) + QL. (3.9)

The added term Q[¢] must be determined so that it cancels the surface terms produced
by the first term in (B.9) under field variation and is a generator of the possible surface
deformation [RJ]. The vector fields (€9, &7, £?) denote such allowed surface deformation and
are related to the spacetime vector (£2,£7,£?) via

(€°,€7,€%) = (NE', & + N"&, &% + NE). (3.10)

The asymptotic behaviors (B.]) are now translated into those of the canonical variables as

22 _ _
gT’T’ — ﬁ +O(r 4)7 gTd) = O(T 3)7 g¢¢ :T2+O(1), (311)
] N =0T, N=0(7) (3.12)

The behaviors of the canonical conjugate variables are also derived with the help

of (B7), (B11) and (B13):
=00, =002 , =00 (3.13)

It has been known that conditions (B:11)), (B-13) and (B.13J) are preserved under the Hamil-
tonian evolution provided that we impose the Hamiltonian constraints. The generator
Q[¢] in (B.9) is found by taking into account the asymptotic behaviors of the canonical
variables up to a constant term, which is adjusted so that the charge @[] vanishes for the
globally AdS space.

The algebraic structure of symmetric transformation group is given by the Poisson
bracket algebra of Hamiltonian generator H[{]:

{H[¢], Hnl}yp = H[[E 0] + K[€, 7], (3.14)

where K[¢,n] is the possible central extension. The central charge may be evaluated by
noting that the Dirac bracket {Q[¢], @[n]} is the change of Q[¢] under the surface de-
formation due to Q[n], ie., 0,Q[¢] = {Q[{],Q[n]}p. The charge Q[¢] forms a conformal
group with a central extension {Q[¢], Q[n]}p, = Q[[¢,n]] + K¢, 7], and we immediately get
6,Q[¢] = Q[[&. m]] + K[&,n]. Since Q[[¢,n]] = 0 if we set the initial condition so that the
charge vanishes for a globally AdS space, the evaluation of the central charge reduces to

K[g,n] = 6,Q[e]- (3.15)

In the case of Einstein-Hilbert action, the explicit form is given by

6, Q€] Z/déb[\/ﬁsijkr {€"D1bygi; —Dr€ 6915 } +26 777 65,915+ 28i6, 7" — & 8,955 , (3.16)



where S is defined by

ikl _ 1 (gikgjl +gilgih — 2gijgkl> _ (3.17)
2
(Derivation of the above equations will be explained in the case of TMG in section {.)
Putting the Killing vectors (B.J) for &, we define the Virasoro generators by i},iL =
Q[£E]. Replacing the Dirac brackets by a commutator ({, }p — —i[,]), the commutation
relations become

m+n 12
(L L] = (m =)Ly + Tom(m? = Do,
(L Ly ] =0, (3.18)

and the central charges have been calculated in [H] as

3¢

= A
STl (3.19)

CL = CR

Once we get the central charges, it is straightforward to obtain the BTZ black hole entropy
by using the Cardy’s formula

1 1
S =214/ ECLL(J{ + 24/ ECRLO_

s 7 s 7
=~ JaGye IV T Jogyez (m—2). 2
oTer Gn/? <m+ E) + 2GN\/ Gn/ <m E) (3.20)

Here LS—L are the eigenvalues of ﬁéﬁ and are related to the mass m and angular momentum
j of the black hole by the formulae L + Ly =mf and L{ — Ly = j.

In section P] we have seen that even in the presence of higher derivative interac-
tions, (B.5) and (P.6) are still solutions to the equations of motion with the effective cosmo-
logical constant —2/¢2. There occurs a phenomenon of rescaling of the charges due to the

higher derivative terms, and in fact the first term in the entropy formula (R.§) is rescaled
by the factor Q defined by (B.9). The question that we would like to address ourselves here
is what this rescaling phenomenon looks like in the CFT framework [[L(].

Let us start with the diffeomorphism invariant Lagrangian without the gravitational
Chern-Simons term,

L=vV-G [f(RU, Gry) + ;2] . (3.21)
0

Higher derivative terms are again included in f. The important point is that the Lagrangian
constructed out of the metric and the Ricci tensor is equivalent to the Einstein-Hilbert
Lagrangian with matter fields after the frame transformation [[1]. The metric G!/ in the
Finstein frame is defined to be

G = | en (2L Y[ 0L

22
ORk1, ORpy’ (3:22)



and when BTZ solution (P.G) is substituted into the above expression, we obtain
Gry = Q%Gyy. (3.23)

The conformal factor € is already defined in (R.9) and becomes a constant here. This means
that canonical variables are scaled like g;; = ngij, N =QN, Nt = Nt and 79 = Q- 174,
From these scaling rules, we find that the mass M, the angular momentum J and the
central charges ¢z and cg, which are evaluated by using (B.1q), are multiplied by € as

M = Qm, J = Qy, cL, =CR = 93_5 (3.24)
2G'N

Then the eigenvalues of the Virasoro generators are also linearly scaled as L(jf = %(M {+

J) = 3Q(ml £ j), and these considerations lead us to conclude that effects of higher

derivative terms to the BTZ black hole are all summarized by the rescaling i.e.,

_ T 2 N, T of, _J
S 2GNQ\/2GN£ <m+€>+2GNQ\/2GN£ <m €>. (3.25)

Of course this agrees with (.I0) with 5 = 0 [[0J. We will come to this scaling rule
again in section [ after establishing the canonical formalism and CFT description of the

Chern-Simons term.

4. Generalization to topologically massive gravity

4.1 Canonical formalism of charges in TMG

In this section we investigate the canonical formalism of TMG with negative cosmological
constant, and derive the expression of global charges in this system. From these global
charges, we will confirm that the mass and the angular momentum of the BTZ black hole
and the central charges of the boundary CFT are all modified in TMG.

Let us apply the ADM decomposition to the Lagrangian of the topologically massive
gravity. The action of TMG is given by ([[.1)), and the Einstein-Hilbert term with negative
cosmological constant is decomposed as in (B.6). After straightforward but tedious calcula-
tion, the gravitational Chern-Simons term can be decomposed up to total derivative terms

into 4, [[7
2
V-Ge'E <FPIQ8JFQKP + gFPIQFQJRFRKP>
o \/gemn{mmkf(n’f A Y — 20, NDy K * + 2D, 0, N K, *
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+ VAN — 4™ KDy Ky — 2€™" Dy (K i Kin®) + €071 + 2D A} (4.1)



Here €™ is a covariantly constant antisymmetric tensor in two dimensions, and D; is the
covariant derivative. In the above, we used that the Riemann tensor in two dimensions is

expressed by the scalar curvature as rijmn = %(&'ngjn — 6 Gjm)T- AY is a symmetric tensor

n

which is defined by the following equation.
/dgx\/aemp;}/lmnfynpl = — /d?’x\/aA”g” (42)
The dot is used to represent time derivative d;. By defining

ijk
Tmno -

(84,0583) + 605 8)) — 5508,67), (4.3)

N |

the time derivative of the affine connection is expressed as 4y, = glOTri,{ﬁoDkgij. After the
partial integration in ([.2), AY is explicitly written as
Aij — EmpgloTijk Dk’ynpl

mno
1

. 1. .
4€Zle’7klj — Zell'Dk’y]lk + (Z > ]) (4.4)

= leklpwilj +
4
Since AY depends on the affine connection in an explicit way, it does not behave as a
tensor. The derivation of () is explained in appendix [A] by focusing on the difference
from Lorentz Chern-Simons term.?

The explicit form of the extrinsic curvature is given by (B.4). Then ([L)) contains third
derivatives with respect to time. It is known that the canonical formalism of such system
is done by using Ostrogradsky method [[15] in which Lagrange multiplier is introduced. For
instance, if there is a Lagrangian L(g, ¢, §), then we define £*(g, g, h, h,v) = L(g, h, h) +
v(g — h) and construct the Hamiltonian in the usual way. In the case of TMG , it is
useful to apply modified version of Ostrogradsky method as discussed in ref. [[f, [[(7]. In
the modified Ostrogradsky method, the extrinsic curvature is dealt with an independent
variable. At the same time, Lagrange multiplier should be introduced to give a proper
constraint. Following this prescription, the Lagrangian of the TMG is given by

Lrve = Len + Lcs
2 L .
= /gN <r + g5 T KUK - K2> + 09 (gi; — 2N K;; — 2D;Nj)
+ BVIE™ K i K+ BgN (26m"DanKmk — Alekl>

) 1 )
+ ﬁ\/gNZ{ — 26" K'D, Ky — €Dy (K i K ¥) + §eijaﬂr + DkAik}. (4.5)

Canonical variables in this Lagrangian are g;;, ¢i;, K;; and Kij, and N, N’ and v%
are Lagrange multipliers. Note that v;;, which is not a tensor, is symmetric under the
exchange of indices.

2The notations employed here are slightly different from those in ref. @, @]
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By using this Lagrangian, we can construct the Hamiltonian in the canonical procedure.
As usual, momenta conjugate to §;; and K;; are defined as
09ij

' = ‘Sg{ﬂ = B/ K. (4.6)

9

Note that not 7% and IV but g_%ﬂij and g_%Hij do behave like tensors. From the second
equation, we see that II;; and K;; are not independent and the system is constrained.
Again, such a kind of the constraint should be taken into account by introducing Lagrange
multiplier in the Hamiltonian formalism. Up to total derivative terms, the Hamiltonian of
TMG is expressed as

Hrma
= 79 g;; + VK5 — Lome + fi (T7 — By/ge* K7

2
= \/EN{ —T -5 KMKp + K? — 28" Dy D K + (29—%7#“ + ﬁAkl)Kkl}

) 1 . . .
+ \/ENZ{Zﬁem”KianKml + Be™ Dy (Kpi K ¥) — §ﬁ6ijaj7‘ — D, (29—%mﬂ + ﬁAﬂ)}
+ fi; (T = Byge* Ky ), (4.7)

where f;; is the Lagrange multiplier. The validity of this Hamiltonian will be confirmed by
explicitly deriving the equations of motion in TMG. In fact we will show below that a part
of the equations of motion matches with the one obtained from the Lagrangian formalism
in three dimensions.

Let us consider the variation of the Hamiltonian by fluctuating g;;, 7, K;j, I, N,
N* and fij- The variation of the Hamiltonian contains total derivative terms. Though
those terms are very important to define charges, we neglect them for a while to make the
argument as simple as possible. Then up to total derivative terms, the variation of the
Hamiltonian under the fluctuations of N, N* and fij is calculated as

2

— 6N\/§{ —T— 5 KM Ky + K? — 286" Dy D, K, * + (2g—%ﬂ’“ + BA“)KM}

. 1 . . .
+ 5N’\/§{Zﬁem"KianKml + Be™ Dy (KpiKn¥) — 50€;0'r = D; (29727 + ﬁAiJ)}

+6 fij{nij — BgeR K } (4.8)
From this we see that the canonical variables are constrained like
2
—r =5 KM Ky + K2 = 28¢™ Dy D K, + (297 278 + BAMYK,, =0, (4.9)

1 . . .
2B KDy Koy + BE™ Diu(Kni KpnF) — =Bei:dr — Di (29 217 + BAS) =0,  (4.10
2 J J
Y7 — 3/ge* Ky = 0. (4.11)
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Note that neither g_%ﬂij nor A% behaves like tensors. The linear combination of (29_%7727 +
BAY), however, does behave as a tensor.

Next, up to total derivative terms, the variation of the Hamiltonian under the fluctu-
ations of g;;, Kjj, 7 and I1¥ is calculated as

O(gi K1y, mis 1) HTMG
= {ZNKZ-j - 2DZ-N]} + 0114 { fij} + 6(/gBAY ){NKU - DZ-N]}
1 1 .. o L 1 .
+ 5gij\/§{N<w — 5971 - E—ﬁﬂ) +2N(K*K7), — KKY) — 5Ng" (KMK — K?)
—(D'DIN— ngkD’“N)+(2g—%wk<l+ﬂAk<l)DkNﬂ>—§Dk (N*(2g~ 27 4+ BAY))
+ 28" ND Dy Kp? — 286" N¥ K D K + 28e™gM T2 D, (N K P Koy )

npl
— B NAD (K Ko ) + 28€™ g™ gD (NP K Ky, T, + NP K Ky T )
1 _— 1 1 3
— B NI Oy — S B Dy Nyt + §ﬁem"S’9leleDnNm} (4.12)

+ 0K \/g{ —2NK"+2Ng" K —23¢*D;DIN+N (29~ 37 4 BAY )+2Be™ N'D, K,
— 28 DL(N'KY) 4 Be*DINT K — Be*DINU Ky, + Bet® fkj}.

Here S%*! has been defined by (B-17). Note that ARl s a function of gij and 5 A* depends
linearly on ég;;. From this, equations of motion for canonical variables are written as

9ij = 2N Kij + 2D N, (4.13)

Kij = fij, (4.14)
. . 1 .. 1 .. . ) . 1 .

79 = _\/g{N<7,2J _ §QZ]T _ 6_292]> _|_2N(szK]k _KKZ]) _ gNgU(Klekl _ K2)

~ (D'DIN — gDDFN) + (29720 4 BAMOYDLNY — DDy (N (29727 + A7)
+ 286" ND' Dy Kp? — 286" N*K ' Dp K + 28¢™gM T2 D, (N K P K )

npl
— ZBemngklgo‘DDz( - DkNKmoT;L]l; + NDoKmlT]iZ; + 2NDnKo(lT;,z;kp)
— B NFDH (K K + 28¢™ g% gD, (NmekKl(pT,?)';o + NPKnpKl(kT;'r{;qo)
1 S 1 o1 .
- §ﬁemn5£nN]8nr - §ﬁeem"DnNmr” + Eﬁem"S”leleDnNm (4.15)

- §ﬂemnngj <gxygmgp]Dz’Ylnp + gopglrgxypk,yqinZZ?]ﬁ - 2gopgqrgl’ypk714(pT:L])zr
. .. . . . . y k
_ gopgquszgxyTr% + gOpngDkg:cy’anpTzzzf — 2gOpquDkgxy’qu(pT:L])zr> },
M= /g{ 2N K" +2Ng K ~28e*DyDI N+ N (29577 + BAY) + 286" N'D, I,

— 28 DL(N'KY) + BEFDINI K — B DIN Ky, + Bei® i } (4.16)
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Note that ([13) is used in (E.15).

Let us confirm that a part of equations of motion matches with the equation

1 1
Eap = Rap — gnapR — nap + BDcRpaep) " =0, (4.17)
which is directly derived by the Lagrangian formalism in three dimensions. Note that
the indices A, B, ... are used for three dimensional local Lorentz frame. The covariant

derivative D¢, which is defined by a spin connection, acts on the local Lorentz indices. By
contracting ([.1) with K;; and using ([L.9) and (f.11)), it is possible to derive

0= —B¢*K;; (g1 Ky) + 2NK; ;K — 2NK? + 28 K;;Dy DI N
2
2
— 2B™ K iN'D, K + 286 K jDi(N'K)) — B¢ Ki Dy NY Ky
+ ﬂéikKiijNlKlk - ﬂeikKijglekl

- N <r + =+ KMKy — K? + 2ﬁem“DanKmk>

2 .
=N <r + o — K"Ky + K2> + 286" <KkK]k + K D;D*N

62
—NDijKik—NlKlejKik—i—Kiij(NlKlk)+DkNlKikKjl>. (4.18)

After tedious calculations, we see that the expression is equal to —2N Eyy, where 0 rep-
resents time direction in local Lorentz frame. This gives a consistency check that we are
dealing with the correct Hamiltonian.

As mentioned before, the variations of the Hamiltonian ([£.§) and ({12) are derived
up to total derivative terms. Therefore in order to derive correct equations of motion, it
is necessary to add surface term Q[¢] to the Hamiltonian. By taking the two dimensional
coordinates as (r,¢), the variation of the surface term dQ[¢] is given so as to cancel the
total derivative terms in the variation of the Hamiltonian:

6Q¢]

= [ 46| VEST (€Dt~ D)+ 2 + 5t A7)y~ 52+ g AT
+&0(2n" + BgE AT) — 28/Ge™ Dy gM S K + 28/g€ ™" Dy (970 K 1)
+ 3 BVIS I ("0 Didgs; — Dl On) g
— 2B/ge€™ E K S Koy — By/Ge™ E (OK i K" + Kpid Km") — 26/G€™" ™ €0 Kinpd i
= 20\/ge™" g g% { = Dpe " KnoTyiy + E Do Koni Ty, + 26D Koo Troy, 0955 (4.19)
+ ZBﬁemnéo{Komekgleég + quglp(Kkaz(oT,g;p + KnoKl(szz)rqp)}égij
b SOVTE TG Dyt Tty g T+ 2 T 1503

1 y 1
— 5 BVIE T T uii g0V p + 5 B/GE™ € |

The index r which is not contracted represents the radial coordinate. Here we introduced
ui; (&) = 260K, + 2D(;&;) and the vector § = (€0,€7,£%) is related to a Killing vector

— 13 -



€ = (&,€7,£%) by (B.1(). Since we are dealing with the Hamiltonian, the Killing vector
should be & = (1,0,0) and & = (N, N", N®). When we deal with the angular momentum,
the Killing vector should be £ = (0,0,1) and & = (0,0,1). We also call ¢ the Killing vector,
since it does not make any confusion. The equation ([..19) makes it possible to evaluate the
mass and the angular momentum of the BTZ black hole, and the central charges in TMG.

The charge Q[¢] itself is obtained by integrating ([l.19) over the canonical variables
with reference to the background values g;;, 7;;, Kij and (277" + ﬁg}%jzl"). The last two
become zero at the boundary. (Consult appendix [B for explicit representations.) Then we
are able to give an explicit form for Q[¢].

Q] = /d¢[\/55ijkr (€°Dr(9i5 — Gij) — Deé®(gij — Gij))
. . 1~ 1 .. 1 o~
+ &2 + B2 A7) (915 — Gij) — 55’"(277” + 842 A7)(gij — 9i5)
+ &0 + B2 AT) — 281/GE ™ DRE G Ky + 263/GE D (57 Ko

+%ﬂx/§5ijkr((€mn m&n)Di(9ij — Gis) — Dr(€™Omén)(gi5 — Jig)) |- (4.20)

The canonical variables in (£°, &%) should also be replaced by the background values. Thus
the integrability condition for Q[¢] is satisfied and 0Q[¢] is d-exact. Note that in order to
get this expression, we made use of IN(Z-J- — 0 (r — o00) and so on, so the terms in the last five
lines in eq. (f.19) are simply dropped. Note also that the integration constant in eq. ({.20)
is adjusted so that the charge is zero for (g;j,mij, K;j, 27" + BQ%A”) = (Gij,7ij,0,0).
Explicit calculations of several charges are done in the following subsection.

4.2 Mass and angular momentum of BTZ black hole and central charges of
CFT at the boundary

First let us evaluate the mass of the BTZ black hole in TMG by using (4.19). The BTZ
black hole geometry (2.6) still becomes a solution in TMG . This solution is invariant under
the time translation and corresponding Killing vector £ near the boundary is written as

(4.21)

r 4GnNj
0’ '

(50767“7&(1)) = (Na NraNd)) ~ <_ 0, )

In the background of BTZ black hole, two dimensional quantities which are needed to
estimate the mass behave near the boundary as

4 ; ]
8Gymt 4GN]€’ 5 <7T7’¢ + %géAmb) ~ 4GN‘7' (4.22)

697‘7‘ ~ - 5 5KT¢ ~ ) )

It seems that there are many terms to be estimated in (.1J). Only a few terms, however,
turn out to be non zero values. In fact, last six lines in (.19) should be zero, since dr ~ 0,
€0 Ny =0, K;j = 0 and u;;(§) = gi; = 0. Some of remaining terms also vanish and the
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mass is eventually calculated as

1

~ 167Gy

1
= rord(_g0nr 0 ki
N 167TGN i:oo d¢{2\/§S ( 5 Y ¢¢5g7‘7“) + Zﬁpkg g 5K¢l}

—m+ g]y (4.23)

6Q[¢]

For further details of the calculation the reader is referred to appendix [B. This correctly
reproduces the result obtained by the other methods 2§ Bd, B, [[d]. The mass of the BTZ
black hole in TMG is shifted by the angular momentum which is defined in the gravity
theory with negative cosmological constant.

The angular momentum of the BTZ black hole is also calculated in a similar way.
The BTZ solution is invariant under the rotation along the ¢ direction and corresponding
Killing vector £ is written as

(607£T7£¢) = (07071) (424)

Last five lines in (4.19) should be zero, since ér ~ 0, K;; = 0 and u;;(§) = 2D;§;) = 0.
The evaluation of remaining terms is not so laborious and the result becomes

1

~ 167Gy

1 . 1
— . ir E s réro_ mn r
~ TonCy ?é:oo do{&32m" + BgE A™) + BYGS T (— M Dnay" 5000rr) b

— j+ Bm. (4.25)

J 6Q[¢]

Again, the angular momentum of the BTZ black hole in TMG is shifted by the mass which
is defined in the gravity theory with negative cosmological constant [P§—B0, §, [9].

Finally let us evaluate the central charge in TMG . As discussed in section [}, the
diffeomorphisms which do not alter the boundary condition are labelled by & in (B.3)
whose components are given by (B.9). By using those Killing vectors, we can deform the
global AdS3 background G? ;- Here we choose a Killing vector 7 which corresponds to one
of &F. Then the metric is written as

Gry= G?J + Diijy + Dyny. (4.26)

From the ADM decomposition of this metric, the lapse N, the shift vector N and two
dimensional metric g;; are obtained, and further it is possible to calculate the extrinsic cur-
vature K;; ~ —ﬁ(D,-N i +DjN;) or canonical variables such as 7. When we evaluate the
central charge, we need to substitute these quantities into (.19). Fortunately, since o, Kij
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and u;;(§) are zero at the leading order, the expression for the central charge is simplified as
Q¢
.. . . 1 .
= /dqb [\/ﬁswkr (£°Dy6,9i5 — Dr€%0,9:5) + €27 + Bg2 AT)5,9i
1 r ij Lopig ir L
—§§ (2ﬂj+ﬂg2A’)5ngij+§i5n(27r +5Q2A )
— 2B/ge™ D "5, Kt + 281/g€™ 0D (670, Ko )

1 .
+ §ﬁ\/§5«zykr((€mn mgn)Dkéngij - Dk(emn mgn)éngij)
= / do [\/gsij’“‘ (£°Dy6,9i5 — Dr€8,9:5) + &by (27" + ﬂg%A“‘) (4.27)
1 L
+ 287/g€ O M 0y Kot + 583/ (€7 Omén) Dibis — Di(€™" Omén) 0z ) |-

In the above, the Killing vector ¢ is constructed out of ¢ as before, and its asymptotic
value should be chosen out of

0 ¢r ¢¢ inz® _-ﬂ ina® :El ina® 4.98
(£0,67,6%) ~ (2 il g Lgne) (4.28)
Second equality is derived by substituting fluctuations of canonical variables. Those are
summarized in appendix B
Now we have prepared all tools which are necessary to calculate the central charge.
The central charge for n = ¢} and & = £ is evaluated as

16le _+QlE = &)]
- 16771GN }{:oo d‘ﬁ{%( ¢ +0 50) n9¢p + €3£ SnGrr + Ep0y (2177 + ﬁng¢’“)}
" 167TﬁGN }{:m d¢ {giz <;§0 + Mo) Ondsy + %Soéngrr + 287509”5771(@}
B _1_22% (1 * §>m(m2 = 1om,—n- (4.29)

The second line just gives the contribution of Einstein-Hilbert term. The third line gives
the modification. In a similar way the central charge for n = &, and £ = &, is evaluated as

1
167G N On=tn Qe = &l
167TGN a 5 + 0,€” ) Oy + 5 ngrr + £40,(27%" + B9 A™)
,r.3
" 167TGN d¢{ ( &40 > w966 — 718 Onrr + 2@509”5,71%}
IR 3
T 2GN< g) m(m* — 1) (4.30)
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Again the central charge is given by the sum of the Einstein-Hilbert part and the gravita-
tional Chern-Simons part. Note, however, that the signs in front of the modifications are
different. From a similar calculation, it is possible to check that (5772@62[5 =¢,.] =0 If
we call &} left mover and &, right one, the central charges are written as [fi, §, [L§, 9]

CL:%<1—I—§>,
CR = %(1— %) (4.31)

Thus via canonical formalism of topologically massive gravity, we have succeeded to realize
the Virasoro algebras of left and right movers with different central charges.3

5. Central charges with all higher derivative corrections

5.1 Final expression of central charges

We have by now established the canonical formalism and have got the Virasoro central
charges ([£31]) for TMG which consists of Einstein-Hilbert action with negative cosmologi-
cal constant and gravitational Chern-Simons terms. We are now in a position to generalize
these results in order to encompass most general cases of higher derivative gravity. In the
last paragraph of section [J, we have seen that inclusion of all higher derivative corrections
other than the gravitational Chern-Simons term requires us to multiply the central charges
of Brown and Henneaux’s by the conformal factor  [[(]. Making use of this simple
scaling rule, we get to the following final expression of the central charges for the left and
right movers:

R 3
CL—E<Q+Z>,

14 54
CR = ﬂ<9—?> (5.1)

We would like to emphasize that all of the effects due to higher order terms are included in
the factors 2 and (3. We also note that these central charges are obtained by constructing
Virasoro algebras directly in the canonical method without referring to the Wald’s formula
or variations thereof.

Furthermore, the definition of mass and angular momentum of BTZ black hole should
necessarily be modified in the most general theory of gravity (P-1). Combining the results
of (B:24), (F:23) and (fE.29), the effective mass and the angular momentum become

B . ,
M =Qm + 720 J =Qj + pm. (5.2)

3See ref. [EI] in the case of Riemann-Cartan geometry.
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From these, the zero modes Lg and L, of Virasoro algebras for left and right movers are
expressed as

LJ:%(M@+J):<Q+§>%(me+j), (5.3)
LO‘:%(ME—J):<Q—%>%(m€—j). (5.4)

Putting these together with (f.T]) into the Cardy’s formula for counting the states in CFT,
we obtain the entropy

1 1
S = 2my\/ —cr L +2m\/ =crLy
6 6
__T g 2 N, T (g P 2
aTe (Q—I— £>\/2GNE <m+€>+2GN (Q E)\/QGNE <m £>. (5.5)

This agrees with the previous entropy formula (B.10) obtained by the extended Wald’s
formula. For the BTZ black hole capturing the contributions of all higher derivative cor-

rections, we have thus proven the agreement between the macroscopic entropy and the
Cardy’s entropy of microstate counting.

5.2 Realization in M-theory: M5 system

In f.1, we applied Brown-Henneaux’s method to the three dimensional gravity theories
with most general higher derivative terms, and derived the central charges of CFT at the
boundary. The three dimensional theory of that sort is usually embedded in higher dimen-
sional theories in the string theory context. Among several others, the most interesting
example is embodied in M-theory, which is intriguing because the corresponding CFT is
understood very clearly [H].

The M-theory is defined in eleven dimensions and its low energy limit is well described
by eleven dimensional supergravity. When we compactify the eleven dimensional super-
gravity on CY3, it becomes five dimensional supergravity with eight supercharges. Beyond
the low energy limit, the M-theory contains a lot of terms which correct eleven dimensional
supergravity. Among subleading terms in the derivative expansion, there exists a would-be
Chern-Simons term which is expressed as [BJ]

05 x?
23, 3+ 26

/A/\tr(R/\R) Atr(RAR), (5.6)

where £, is the Planck length in eleven dimensions, 2x7; = (2m)%(). A is a 3-form potential
and the Mb5-brane is magnetically coupled to this field. The Chern-Simons term in five
dimensions arises after reducing this term. In fact, by expanding the 3-form with a basis
of harmonic (1, 1)-forms J; in CY3 as A = SWQEEAIA A J;, we obtain [B]

Cof i
3.2%2/14 Atr(R A R). (5.7)
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Here Al corresponds to gauge fields in five dimensions, and ¢,; = # fCYS Ji Ntr(RAR).
In general, other curvature squared terms are also obtained by the dimensional reduction
of R* terms in the M-theory. It is, however, complicated to work out all these terms, thus
we employ the five dimensional conformal supergravity below.

By applying the conformal supergravity approach, the action of the five dimensional
supergravity theory concerned with R? terms has been constructed in ref. [B4]. With
this action together with an ansatz of AdSs x S? geometry, we would like to identify the
effective cosmological constant —2/¢2, the conformal factor Q and the coupling constant
[ in terms of topological quantities in CY3. Actually the three dimensional gravitational
Chern-Simons term can be obtained by compactifying (f.7) on S2. The central charges are
also expressed by the CY3 data in the context of string theory. In passing note that similar
calculations have been done in refs. [, §, [

In the following we employ notations used in ref. [[J. Assuming that the five dimen-
sional metric, gauge fields and 2-form auxiliary field v be given by

dslyy = V*Gryda’da’ + x*d0%,
R i
Féld) — % SiH 0,
vgy = V sin 0, (5.8)
we obtain the three dimensional supergravity with the curvature squared terms and grav-

itational Chern-Simons term. Here p! corresponds to the M5-brane charge. In order to
realize the Einstein frame in three dimensions, we have to set

o= X3 L, M’ e MV cyip'V
T \4 4 2882 72x% 288x% |’

(5.9)
where M stand for moduli scalars. Then the action becomes B
S = /d%\/—G (R+ Z(¢) + A(¢)R? + B(¢)R1sR") + /d?’a;ﬁcs +8', (5.10)

in the unit of 16mGny = 1. Here ¢ stands generically for all scalars M I , V., D and yx, and
S’ includes their derivative terms. The scalar potential and each coupling are given by

Z(9) =¢3X—2{ 2 <§+M> —2 <9 _ V_j> +/\/<2+ 6v2> + 2NV +ijpfpj
T X

v\1" 1 4 2 % 8x*
I In2 I Iyr2 I i3 Iyr4
cofM n cofM*D cyip' VD B Scy; MOV _ CojP VeV N cof MV
96?4 288 1444 360 486 368 68 ’
5C AMIAX2 8c AMIAX2 c Apf
Ald) = 2221 — 2" A = —-2" 5.11
(¢) 6 192wy 2 3 192wy b 967 ’ ( )
where
1 Pypdagk 1 gk I
N = EijkM MM 5 Nf:§ijKM M 5 ijchjKM . (5.12)

— 19 —



ciji and c,; are the triple intersection number and the second Chern class number of
CY 3, respectively.
The action (p.1() enables us to derive an equation of motion for the metric

%G”{R + AR® + B(Rr;)* + Z} — R —2ARR" —2BR"" Ry, + T"/
= BGKL(IDKR? + (derivative terms of ¢),  (5.13)
and those for scalars
0yZ + 04 AR? + 03 B(R1)? = (derivative terms of ). (5.14)

It is, however, almost impossible for us to find general solutions to these equations. What

we can do is to take all ¢ to be constants everywhere and to assume that the BTZ black hole
which satisfies (.4). It corresponds to the black ring solution whose geometry is AdSz x

S? in five dimension. By substituting (B.4), equations of motion (f.13) and (f-14)) reduce to
2 2\?

2

2
0= 8¢Z +3 (3 8¢A + 8¢B) <€—2> . (5.15)

Since c,; indicates the higher derivative corrections in the next order, we can solve five
equations (B.15) to the first order of ¢,;. The solutions are

I
i_pr (_C _ 3 ¢ /oo C (. C
M_p<1 36> , V= 8p<1—|—36> ,D_p2 -5 ) x=5{1+55 ) (5.16)

and

3
P 37
b=— 14— 1

47r< +288C>’ (5.17)

where p? = %cfjkpfpjpk and C = c2fpf/p3. On the other hand, the conformal factor €2
for this solution is calculated as

Q(f) =1+ 2AR + gBR
C

~1]——. 5.18
288 ( )

The assumption of constant scalars admits the BTZ black hole solution. Therefore,
the Brown-Henneaux’s approach explained in the previous sections can be applied to this
solution, and we can prove the existence of the two dimensional CFT satisfying the Virasoro
algebra on the AdS boundary. With the use of 167Gy = 1, 8 = —c2fp1/967r and the
formula (p.J)), the central charges of the left and right movers are given by

1 a
cr, = 6p° + §c2fp1,
cr = 6p° + chpI, (5.19)
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in agreement with [f, [, B, B3, [Z]. In four dimensions, these central charges appear in
expressions of the entropy for the extremal non-BPS and BPS black holes, respectively [B(].
The precise information of the microstates for the CFT at the boundary is veiled in our
formalism. Whatever the microstates may be, we can only see the Virasoro algebras
and calculate their central charges. But as for the M5-brane system, the explanation for
microstates was made clear in ref. [Jj from the detailed description of the effective field
theory on the brane.

6. Summary and discussions

In the present paper we have analyzed topologically massive gravity ([L.I]), using the con-
ventional canonical formalism. Since there are higher derivative terms w.r.t. time, we made
use of the generalized version of the Ostrogradsky method. We defined the global charges
so as to cancel the surface terms of the variation of the Hamiltonian. Using these, we have
derived the Virasoro algebras realized asymptotically at the boundary (r ~ c0), and found
that the central charges are given by ([.31]), which do not respect left-right symmetry. The
mass and the angular momentum of the BTZ black hole are also computed including the
effects due to the gravitational Chern-Simons term.

We have gone one step further to argue that effects due to higher derivative terms can
be included by employing the scaling argument. The central charges, the mass and the
angular momentum in such a general class of higher derivative theories are given by (p.1)
and (p.9), respectively. The BTZ black hole entropy is given by (b.§), which agrees with the
formula given by using the modified Wald’s formula. We have thus succeeded in strengthen-
ing the link between the two dimensional boundary CFT and the three dimensional gravity
description of the black hole. As an interesting example, we considered the three dimen-
sional model which are realized by compactifying the M-theory on CY3 x S2. The left-right
asymmetric central charges are already given in ref. [f] from the microscopic viewpoint, and
we confirmed that the result can exactly be reproduced in our formalism. The consideration
from the representation of Virasoro algebras is also important as future works [B7].

In this paper, we treated ¢ and (3 as free parameters. From the analyses by CFT,
however, it was pointed out that the three dimensional gravity theory could be realized so
as to be consistent with unitarity and positivity only when ¢ and [ take some particular
values [BY, Bd].* It would be interesting if we could re-examine these observations from our
canonical approach including the higher derivative contribution 2. Generalization of our
formalism to the supergravity is also an interesting future direction [[i(].
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A. ADM decomposition of gravitational Chern-Simons term

In this appendix we give a quick summary of the ADM decomposition of the gravitational
Chern-Simons term. First note that capital variables Gy, EAI, I' ;i and QABI are
three dimensional metric, vielbein, affine connection and spin connection, respectively,
and g;;, €%, ’yijk and w%, are two dimensional ones. As in the main body of the text,
I,J--- = t,r,¢ labels the three dimensional space-time indices and A,B--- = 0,1,2
denotes the three dimensional local Lorentz indices. Also, small indices are of two
dimensional: 4,5---=r,¢ and a,b--- =1,2.

For the purpose of the ADM decomposion of the gravitational Chern-Simons term ([L.3),
the simplest way is to divide Lgg into the Lorentz Chern-Simons and remaining terms.
When we write the connection 1-form expressed by the matrix notation as I' g = I ypda’,
the relation between the affine connection and the spin connection is

', = EL QY% ED + Bl dEY,. (A1)

Note that I'! 7 and QAB are the connection 1-form but EAJ is the 0-form vielbein. Omitting
the indices like I' = E~'QFE+ E~'dE, the gravitational Chern-Simons term is expressed by

Tr <FdF + §r3> =Tr <QdQ + §Q3> - %Tr(dEE‘l)g —dTr(dEE™'Q). (A.2)

We can drop the last term since it is just a total derivative.
Let us define

1

1,
Kap = (€' a)i = DalNey) » Lab =

N (€1 4¢b)i — DyalNp)); (A.3)

where D; is the covariant derivative which acts on the local Lorentz indices like D;V® =
OV +w®. VP Then the first term of (A-2) becomes
Q45dQ5, = 20°,d0, + 0%,dQ°,
= 2{—(0uN + K N®)9; K% + 0;(0°N + KN K + Ko K% }dt A da® A da?

w0 (L N) — 9j0° LN — w5 }dt A dx’ A da?, (A.4)
and the second term is

Q40%.0% = 30° 040,

= 3(20,Nw", K", — NKyi K® L% + Kqj Kw N
+2K KOw N)dt A dz’ A da?. (A.5)

If we use €/—G = €”,/g and the two dimensional identity r“bij = re[?ieb;.], the Lorentz
Chern-Simons term can be written as

1Y aj

2 .
Tr <QdQ + §Q3> > {4(04N + Koy N')D; K% + 2K K% — wyi’

+(2Kaij2- + Tebieaj)(DbNa _ ekbé“k)}\/ﬁeijd?’x
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= {4(ON + Ky N*)D; K + 2K* Ky + 2K ; K 'DN* + rD; N,
—req;€; — w“biwbaj}\/ﬁeijdgx, (A.6)

up to total derivative. Kj; is of course the extrinsic curvature (B.7q) and D; is the usual
covariant derivative.

On the other hand, one can check that the second term on the right hand side of (A-2)
becomes

—%Tr(dEE‘l)?’: (dEE~Y), (dEE~Y (dEE~1)°,

1
3 . .
= ¢k 0,e el D¢ dt A dat A dad. (A.7)

After some manipulation and neglecting the total derivative, the sum of the last lines

in (A.6) and (A.7) becomes
/d?’x\/g_]eij <—reajé“i - w“bidjbaj + ek, 0;eb € cajeck)
= /d?’x g€ 5 ey 1
= [y D )i (A9
in which we used the definition ([.3) of Ti3%, and
D" pt = O pt + 7" kemY " ot = Y kpY it — V" kY pm (A.9)

Defining AY by ({.4), we can rewrite the last line of (A.§) as

— / Ba/gAT gy = — / d*x\/gAY (2N K;; + 2D; N;)

1

/ Br/g(—2AY NK;; + 2D; AU N;). (A.10)

In fact, the result of the central charge for the Virasoro algebra does not depend on
whether we use the gravitational Chern-Simons or Lorentz Chern-Simons. As we have
seen in section ], this is due to the fact that the above terms involving A% have no
contribution to the central charge calculation. To sum up, combination of all the terms
calculated above leads us finally to the following expression:

2
V —Gel K <PP1Q(9JPQKP + gPP]QFQJRPRKp>
= VG |26 KB + N {4 DD Ko — 245 )

+ N = 4™ KDy Koy — 26" Die(Kpi Kin®) + Gime€™ Ot + 2DkAi’“}] . (A1)
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B. Supplementary calculations on charges

B.1 Mass and angular momentum of BTZ black hole

Let us consider the ADM decomposition of the BTZ black hole solution (R.). From the
canonical procedure, the lapse, the shift vector and the two dimensional metric are given by

~ 4
N = N 46N ~ & AGwmt
¢ r
N™ = N"+6N" ~ 040,
6 _ o 6 AGNj
N? =N?+4+6N? ~ 0+ 2 (B.1)
2 g 8Gymtt
9ij = Gij + 0Gij ~ r? + r
0 r? 0 0

These are expanded around m = j = 0 and the flucutuations are linearly dependent on m
or j. From the metric g;; given in the above, nonzero components of the affine connection
and Sk = L(gikgil + gilgik — 25 gkl) are evaluated as

) 1 . 1 - r
VTrr:_;a 7¢T’¢: 7 7r¢¢:_€_27
- 1 ~ 1
Soerr — gérér — ___ B.2
& e (B.2)

By using the equations of motion (E1J) and (f.1§), the extrinsic curvature and the
covariant combination of the momentum are calculated as

Kii = K;; + 0K, 00 ’ 4G7"Z§j£
ij = 45 + 05 ~ 00 + AG Nl 0 ;
— 2

T
4GNnj
2

1 1 g 1 1 -\Y 1 1 g 00 0
— 2 e T —3g2 - 2 ~ y r
<7r+ 2592A> <7T+ 2592A> +0 <7r+ 2592A> <O 0> + 4Gé\f] 0
r
(B.3)

In order to derive these expressions, we dropped terms with time derivatives.

B.2 The central charges

Let us consider the geometry constructed by Gyj = G? g+ Driy +Dyijr. Here G? 7 is the
metric of global AdS3 and 7j; represents some Killing vector. For n = £, the lapse, the
shift vector and the two dimensional metric behave asymptotically as

£ 2r

N = N7 4 6N" o — 2 gina®
T

-~ . 2 ‘
N:N+(5NN<C+£>_,W172)6HL$¢7
T
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- in(n? —=1) .
r
oA 294
~ E_z - é_j 0 _an :an ina®
9ij = Gij +0ngij ~ | 7 r + 554 %22 e
0 r2 +n in
o3 2

From the metric g;; given in the above, asymptotic behaviors of the affine connection and
Skl are evaluated as (B). By using the equations of motion (EI3) and ([1H), the

extrinsic curvature and the covariant combination of the momentum are calculated as

ot L in(n® = )¢ .
r 2r inw

sz - Kz] + 577sz (0 0) iin( 2 _ 1)52 n2(n2 4 1)f2 € )

22 2r
J 1 1 -\Y 1 1 4
<7T+ —ﬂg?A) = <7~T + §B§2A> + (577 (7’(’ + §B92A>
AU FEB L) Lin(n® — 1)t
~ 00 + ‘ g?‘ 5 27«2 5 5 einmi
00 j:m(n —1)¢ L (£4L+ B(n° = 1))
22 2r°
(B.5)

It is useful to note that ﬁn(grlénKml) is symmetric under the exchange of m and n, i.e.,

622 in(n® ~ 1)

Dn(§00Km)=| . 75 r et (B.6)
in(n” — 1) 2002
F——F—2 —n*(n° +2)
Other useful equations used in the text are:
1 . . 2
§10, Ko ~ Eizn(n® - D)en™ P1g,€, ~ i%emi ~ 250 (B.7)
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